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Chapter 1

Introduction

These are the notes of a lecture given in the spring semestér2008, entitled "optical prop-
erties of semiconductors”. The goal of this lecture was to\g a broad overview of the basic
physical processes that govern the interaction between thight and semiconductor. My goal
was to show the richness of the topic and to show the thread awecting the original research
of the sixties and today's litterature. Whenever possibld, tried to show the connection be-
tween the fundamental aspects and the applications in todaydevices. At this stage, these
lecture notes are rather patchy and are not trying to substitte for a complete text.

1.1 Dbibliography

1.1.1 Introductory texts

Here | mention introductory textbooks that have a section oroptical properties of semicon-
ductors.

C. Kittel \Introduction to solid state physics" . Chapts 1-3 treat elementary aspects
of optical properties of solids

Ashcroft & Mermin,"Solid state physics” .(Saunders College) In this classic Solid State
physics reference textbook, chapter 28 and 29 summarize tdemiconductor general
properties in an fairly elementary level.

K. Seeger \Semiconductor Physics, an introduction” (Springer). Contains numer-
ous derivations of analytical expressions. Chapt 11-13 &eoptical properties.

M. Balkanski and R.F. Wallis, \Semiconductor Physics and Ap plications" (Oxford).
Very good treatement, includes some fairly advanced treateents of the optical prop-
erties (Chapt 10,11,14,17)

1.1.2 Advanced treatements

This list contains the references | used to prepare the lectu

1



2 CHAPTER 1. INTRODUCTION

E. Rosencher and B. Winter \Optoelectronics" . Very good presentation, more ori-
ented towards devices.

H. Haug and S.W. Koch \Quantum Theory of the Optical and Elect ronic Properties of Se
(World Scientic). Advanced treatements of the semiconduor optical properties,
more oriented towards theory.

Yu and Cardona \Fundamentals of semiconductor” (Springer) Excellent reference book,
geared more towards the fundamental aspects of the opticalgperties.

G. Bastard \Wave mechanics applied to semiconductor hetero structures” (Les edi-
tions de physique). Very good description of the computatio of electronic state in
semiconductor heterostructures.

P. Zory "Quantum well lasers" (Wiley?) Contains some good chapters on quantum
well semiconductor lasers, especially one written by S. Came.

1.2 Notes and acknowledgements

Under this form, this script is meant for "internal use" sin@ it does not always give proper
credit to the gures, especially for the ones taken from the doks cited above. The author
would like to acknowledge Giacomo Scalari for his help in graring this lecture, as well

as the one from Profs L. Degiorgi, Prof. B. Devaud-Pledran, rBf. A. Fiore who nicely

volonteered with some of their data. Tobias Gresch prepardtie artwork of the cover.



Chapter 2

Introduction to Semiconductors

In this chapter, we would like to rapidely review the key corepts on semiconductors. See
Chapter 28 of Ashcroft and Mermin's book.

2.1 Crystalline structure and symmetries

A perfect crystal is invariant under the translational symnetry
+! £+ uat+t vbh+ we (2.1.1)

where u,v,w are integers.

The crystalline structure of GaAs is displayed in Fig. 2.1, ad is of the ZincBlende type. It
consists of two interpenetrated diamond lattices.

I S
- [
. \ @ gl
/’ 1 /’
I“ ________ i‘Q - -7 :
1 ‘*” !
1 ! !
1 ! Ol . :
! ( ] ' .
1
! ' ' ® .
1 . : 1 O :
1 1
! O ,.-~-_'r___ :
1 ‘a” P ‘
L o

Figure 2.1: Zinc-blende crystalline structure
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4 CHAPTER 2. INTRODUCTION TO SEMICONDUCTORS

@ 9
ONBORNO
e ©

Figure 2.2: Zinc-blende crystalline structure

N bofatomspercell
Nbsummets Nbatomesfaces . :
= + + Nbatomesinterieurs
8 2 (2.1.2)
= § + § +4
8 2
=8
per cell.

The structure does not posess any center of symmetry. The leef this zinc-blende structure
are thetrahedrical bonds Si-Si or Ga-As. Each atom is the gin of a double bond towards its
nearest neighbors, as shown in Fig. 2.3. The absence of imi@n symmetry is also apparent
on these tetrahedric bonds.

Figure 2.3: Terahedrical bond of the zinc-blende

2.1.1 Wigner-Seitz cell

A Wigner-Seitz cell is the region of the space that is closeo ta speci c point of the lattice
than to any other point of the lattice.A primitive Wigner-Seitz cell is constructed by taking
the perpendicular bisector planes of the translation vects from the chosen centre to the
nearest equivalent lattice sites.



2.2. WAVEFUNCTIONS OF THE CRYSTAL, BLOCH THEOREM 5

2.1.2 Reciprocal lattice

The set of all wave vectorK,, that yield plane waves with the periodicity of a given Bravas
lattice is known as its reciprocal lattice. The bases vectsrof the reciprocal lattice are given

by:
A= 275 € (2.1.3)
a®d 9

and by rotation of indices. The reciprocal space exhibits @anslational periodicity with all
equivalent reciprocal wavevectors spanned by the set of @gers h,k,|

G=hA+kB+IC (2.1.4)
The set of wavevectorss is a basis into which the crytal potential may be expanded:
X
V(¥) = Vs exp(iGr) (2.1.5)

G

2.2 Wavefunctions of the crystal, Bloch Theorem
The Hamiltonian of a semiconductor crytal has the translatn symmetry
H(f+ R)= H(¥) (2.2.6)

with R being a reciprocal lattice vector.
The Bloch theorem states that the wavefunctions have two \god" quantum numbers, the
band indexn and a reciprocal vectork such that the wavefunctions of the crystal may be
written as:

nk(r) = eik runk(r) (2-2-7)

whereunk (r + R) = un(r) exhibits the periodicity of the crystal.
It may also be written as: _
w(r+ R)Y= X" (r): (2.2.8)

2.2.1 Proof of Bloch's theorem

Ashcroft & Mermin, chapt 8
Translation operator
Tr ()= (r+R): (2.2.9)

If R belongs to the Bravais lattice, the operator will commute vih the Hamiltionian

TrH (r)= H(r+R) (r+R)

=H(r) (r+R)=HTg (r) (2.2.10)

and therefore
TrH = HTR: (2.2.11)
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These two operators form a common set of commuting observablwe can therefore write
the wavefunctions using eigenfunctions of both:

H =ETr =cR): (2.2.12)
Consicerons maintenant les proprees dec(R)
TrTro= Tr+ro (2.2.13)
et donc
c(R)c(RY = ¢(R + RY: (2.2.14)
To simplify somewhat the notation, a; with i = 1;2;3 the basis vectors of the primitive

Bravais lattice, and b the basis vector of the reciprocal lattice. We can always dee
(becausec(g) is always normalized to unity:

o(a) = e™i; (2.2.15)
If now R is a translation of the Bravais lattice, it can be written as
R = nia; + nya, + n3ag; (2.2.16)
then, using2.2.15

c(R) = c(nia; + nyay + nzas)

= %&al)nlc(az)nzc(aﬁm (2.2.17)
= e?xin:
i=1::3
Using the orthogonality relations between the direct and i@procal basis vectors, written as
a bj=2 j: (2.2.18)

Considering the product between the vectoR of the real space and the vectok of the
reciprocal space, written in the basis of thé;:

X
k = kibi; (2219)
i=1:3
and then
k R=2 (k1n1+ k2n2+ k3n3): (2220)

It was in fact the result we had obtained forc(R), that was written as:

c(R) =exp(2 i (Xin1 + XoNny + X3N3)
=exp(ik R)
setting naturally x; = kj. The wavefunctions may well be written as:
TR = (r+R)
=c(R) =¢€“F (n)

that is one of the equivalent formulations of the Bloch theam.

(2.2.21)

(2.2.22)
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2.3 Electronic states: formation of bands and gaps

Bragg re ection and the perturbed electron

2.4 Band structure of 111-V and group IV semiconduc-
tors

Look at the band structure of Si, GaAs, InP

2.4.1 Group IV semiconductors (Si,Ge)

The band structure of these semiconductors is very similarelbause:
1. They do crystallize in the same crystallographic structe (diamond)
2. they have similar electronic outer orbitals

The structure of silicon is purely covalent. The last orbithof atomic silicon has the electronic
con guration 3s?p?. There are therefore 4 electrons et 2p) sharing an orbital that could
contain 8 (2 for the s orbital, 6 for the p orbital). Silicon has therefore 4 valence bands. The
band structure of silicon and germanium, two most importansemiconductors formed using
the column IV of the periodic table, is shown in Fig. 2.4.

6

o
T

Ge

3k N o | uPPER
VALLEY
CONDUCTION
ELECTRONS
2| F

L / L L r \LOWER
4 £q VALLEY
LIGHT AND Eg
EQ HEAVY HOLES P
26532

-2} -

— 5

ENERGY (ev)

-3} -

-4
L M) r [ool x L Ml T [100] X L [ml T [100] X
WAVE VECTOR

Figure 2.4: Germanium (left), Silicon (center) and GalliumArsenide (right) band structures.

The valence band maximum is akk = 0 and is degenerate with the heavy and light hole
bands. A third important valence band is the \spin-split" cdled this way because it is split
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by the spin-orbit interaction. Finally, most important in t he band structure of Silicon and
Germanium is the fact that the minimum of the conduction banddoes not coincide with the
maximum of the valence band. The semiconductor is called \iirect" (See Fig. 8.1.

The conduction band minimum in silicon is in the direction [@0] and, as a result, also in
the directions [AL0], [001] [001]; [100] [100] for a total of six minima.

[001]

T

/

~p |0 [100]

1 > —

[111)

N

L
Ge Si GaAs

Figure 2.5: Minima of the conduction band of Si, Ge and GaAs

In Germanium, in contrast, the conduction band minimum is irthe directions corresponding
to the cube's diagonal, and we have therefore 8 conductionrmhminima.

2.4.2 llI-V Semiconductors (GaAs, InP, ..)

The band structure of 111-V semiconductors is similar sincehe tetrahedral bonds have the

same structure as the ones in Silicon or Germanium. In facth¢ missing electron of the
group Il with the electron con guration 4s%4p (for example Gallium) is provided by the

column V element (for example Arsenic) of con guration g°4p® and these bonds have a low
ionicity.

For a large number of I1I-V semiconductors, the bandgap is wct.
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ENERGY (eV)

L A r A X UK z r
REDUCED WAVE VECTOR gq

Figure 2.6: Structure de bande du GaAs

As an example, the computed band structure of GaAs is shown Kig. 2.6.

2.5 E ective mass approximation

2.5.1 Band extrema, e ective mass

Even though the band structure of semiconductors is in gerarvery complex, as apparent
in Fig. 2.6, the fact that the Fermi level lies in the middle ofthe forbidden bandgap enables
us to consider the band structure in a region close to the barektrema. In that case, the
band dispersion can be expandedk) into a second order Taylor series:

X @

(k)= o+ —— (ki ko)* (2.5.23)

i=1:3 @R
The equation 2.5.23 is written in the simpli ed case that theenergy ellipsoid are aligned
with the x, y and z axis of the coordinate system; in the generaase terms of the form@%@k
must be added.
By analogy with the free electron case, the term of the expaiogs can be identi ed with the
inverse of an e ective mass:

1 1 @

- == . (2.5.24)
Myy:z ~ @Ky;z
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2.5.2 Semiclassical electron dynamics

The analogy may be pushed further: the group velocity of thelextron is:

_1@!)_1@.

= = - = 2.5.2
and the electron will obey the semiclassical electron dynaes given by:
dk
F= 4t (2.5.26)
where
F= o gv B (2.5.27)

is the classical force on the electron

2.5.3 The hole

The motion of the electrons in a not completely lled band wih negative mass can be
interpreted with a particle called the hole, that has the fdbwing properties:

ge

lts mass is positive and given byml—h = 1

=

Its wavevector is the opposite of the one of the missing eleah: ky, = ke

Its charge is positive and the opposite of the one of the elesh ¢, =

2.6 Density of states in 3, 2 and 1 dimensions

26.1 3D

Wavefunction _
(X;y;2) = Aeilxtkyykad). (2.6.28)

In a nite volume, Born-von Karman periodic boundary conditons, (x+L;y;z)= (X;Y;2)
imply:

ke = n2=L

ky = ny2=L (2.6.29)

k, = n,2=L
Using for the energy:

£ = Knax (2.6.30)

- 2m . .
and the number of state as a function oKmax
‘_1 k max
N (Kmax) = - : (2.6.31)

(2=L)7
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we have
2 2m E 3=
N (E) = 6_ 2

Di erentiating with respect to the energy:

L3: (2.6.32)

_dN(E) _ 321 2m P—- 1 (2m )*2pP
2.6.2 2D
D(E) = % (2.6.34)
2.6.3 1D
p____
D(E) = }fmp%: (2.6.35)
2.7 Phonons

optical phonon, acoustic phonon

2.8 Doping

Impurities may act either as deep level, shallow levels orlay.

2.8.1 Hydrogenoid donors

Same energy spectrum as the Hydrogen atom but renormalizegl the dielectric constant
and the e ective mass

2.9 Carrier statistics

2.9.1 Ferm-Dirac Statistics
The probability of nding an electron a energy E in a bath at tenperature T is:

1

f(E;;T)= —————
( ) exp E— +1

(2.9.36)

wherek is Boltzmann's constant and is the chemical potential.
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Figure 2.7: Fermi-Dirac distribution for various temperatires

The total number of electrons in the structure is the integrhof the product of the density
of state and the Fermi-Dirac distribution function.

Z 1
Niot = D(E)E;dE: (2.9.37)
E=0 eXp W + 1

2.9.2 Holes

Distribution of holes: for the holes, one applies the rule (e = no electrons) and then

E

= _ 1
fr(E: kT )=1 foE; kT )= KT = ; 2.9.38
h( ) e( ) eXp Ek—-l- + 1 eXp k_TE + 1) ( )

2.9.3 Classical limit

Inthe case wherde  >> kT , the Fermi distribution can be simpli ed because expEk—T >>
1 and then

f(E; ;KT ) exp ?E : (2.9.39)

This corresponds to a probability of occupation much belownity and therefore is called the
classical limit.
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a) Hautes energies

1.0
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b) KT >> Ef
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0.8 -
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04}
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Figure 2.8: Regimes in which the classical limit can be used) High energies in a metal.

b) Low doped semiconductor

In this approximation, the total number of electron can be cmputed in the bulk case:

Z l o
1 (2m )32p E

= ————— E E ——— dE

Eg 2 2 ~3Z G &Xp KT
_ 1 (2m )*? p E .
N= o555 €Xp KT iy 1 E Egexp P dE:

To carry out the inegrale 2.9.40, we use a change of variadal
E Ec 1
= ;dx = —dE

2z, Tk U

le

E P— - E
E Egexp — dE= KT xexp( x)exp — dxkT
Eq KT x=0 . KT
_ 1 (2mkT)*? Ec Yoo
n= 52 — exp T . X exp( Xx)dx
The last integral is performed using Cauchy's formulai:
Z, r_—
xPexp( x)dx= =
x=0 2
On obtains then nally:
n=2 mekBT 3=2 EG .

22 P

(2.9.40)

(2.9.41)

(2.9.42)

(2.9.43)
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The same approach can be carried over for the holes:

f = 2.9.44
h €Xp — o (2.9.44)
Assuming that the zero of energy is on the top of the valence i
= Mpkg T
p= Dn(E)fn(E)IE =2 ——2— “Fexp o (2.9.45)

L ~

The product between electron and hole concentration yields
— KT 3 3=2 Ec .
n p=4 > (Mmemy)°~ exp WT (2.9.46)

The produt n p depends only on the crystal nature and its temperature.

The number of electrons in the band is also written in terms dhe quantum concentration
for the conductionn. and the valence band, (also called e ective density of states in some
texts):

Ec
n = ncexp
KT (2.9.47)
p= n,exp T
where KT
Nng=2 —n218~2 3:2;
kT s (2.9.48)
=2 -
depend on temperaturel and e ective massm . In virtually all 1l11-V semiconductors, the

valence band consists of a heavy hole and a light hole bandetboncentration for each band
must be summed together: :

Z
P=  Dnfn+ Dnfn
2.9.49
N Mpnke T 320 4o Minks T =2 0 ( )
2 -2 PiT 2 -2 PiT
that can be written as 2.9.45 if one sets:
m32 = m>%+ m>? (2.9.50)
which is called "density of state e ective mass).
Note that the product n p is constantt:
np=ncny,exp Eg=kT = nZ: (2.9.51)
n; is called the intrinsic concentration and is:
E
n, = P nc.ny exp G . (2.9.52)

2kT
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It is the thermal concentration of carriers in undoped semanductors.

1500 T(°C)
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Figure 2.9: Intrinsic concentration for Ge, Si, et GaAs as fiction of reciprocal temperature
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Chapter 3

Light-matter interaction

3.1 Oscillator model
Solving the equation for a (classical) harmonic motion witldamping:
MoX +2Mg X+ Mg! oX = QE(t)

yields a polarizationP (! ) at angular frequency! given by:

NoOP 1
1) = |
PC) Mo ! 2+2i! !SE(')
Remembering the de nition of the susceptibility as:
P()= o ("E()
the latter is then
NoCP 1
(t)= T 2
Mo o! 2+ 21! ! 0

The above equations can be rewritten in terms of the sum of twgoles

> h i
py= a1 1
with 1 g = P 1z 2
3.2 Dielectric function
The dielectric function can be then derived as:
| 2
= 0 1 p0 ](-J - 1
2! 0 | | 0+ i I+ 1+

(3.1.1)

(3.1.2)

(3.1.3)

(3.1.4)

(3.1.5)

(3.2.6)
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2 .
where! , = 2L js the plasma frequency.

oMo
The dielectric function can be written separately for the ral and imaginary parts (neglecting
the negative frequency pole):

N

0— 0 — P 0
=, 1= o0 o2+ 2 (3.2.7)
and for the imaginary part:
| 2 2
00— 00— " P
BTN (R (3.2.8)

Lorenzian model

L AP
.04 wy=1
03 v=0.1
.02
.01t

o O O O O

-0.01
-0.02}

Figure 3.1: Real and imaginary part of the susceptibility inthe Lorenzian model.

3.3 E ective medium approximation

Taking into account the e ect of other resonances in the susptibility:

1 2
0o_p 1 1 (3.3.9)
0

=, 1 2_F . .
! L2000 i T+

The only trick is to remember to add the polarization. Becaus of the form of Equ. 3.3.9,
one is then lead to rede ne the plasma frequency as:

S

.~ N
- p_

1 Mo

(3.3.10)
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Example of \classical" dynamics and plasmon oscillationssubpicosecond plasmon excita-
tions in doped semiconductors (Kersting, C. Unterrainer eal., PRL 1997). As shown in
gure 3.2, the excitation is done by a femtosecond Ti:sappte laser.

_T Time
N Delay
Ti:Sapphire A e ]
laser — & 1
. /\/\ﬂ '
= <7
v Sample Bc-lumeter
Detector

Figure 3.2: Ultrafast excitation of doped semiconductor.

Electron-hole pairs are created at the surface, and excited plasmons of the doped layer.

t=0
. t=0

surface

electrons

substrate

Figure 3.3: Schematic drawing of the sample.

As expected, oscillations are observed at the plasma freqog ! ,



20 CHAPTER 3. LIGHT-MATTER INTERACTION

—_ l =
8 3
£ 3
= =
g S
= - a]
g 1.7'101'Gcm'3 & ‘é‘
3 0.5 41 o
@ 1 S
E &
0.0 40

P I T T T i 1 M | i 1
2 -1 0 1 2 3 1 2 3
Time (ps) Frequency (THz)

Figure 3.4: Spectrum of the oscillations as a function of domw.

For the example above, usingn = 1:710%cm 3, ; = 13:1, an e ective mass of 0.065, a
computed frequency of 1.2THz. is obtained.

3.4 Kramers-Konig relations

The susceptibility (t) has some important mathemtical features because it is a éar re-
sponse function. The polarization at time t can be expresseas a function of electric eld
at past times through:
VA t z 1
P(t) = (t tYE(tYdt°= ( JE(t )d (3.4.11)
1 0

where, because of causality,( ) = 0if < 0 (!) is therefore analytic in the upper half
plane. Using a Cauchy integral argument, it follows that

iy
L)

(1)=P (3.4.12)

The latter equation implies a relationship between real angnaginary parts of the suscepti-
bility, called the Kramers-Kmnig relations:

Z 1 0
T)=P , d2 ng (3.4.13)
Ry = 2p " g (3.4.14)

2 | 2
0 .
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Figure 3.5: Comparison between the real part of the suscdpiity computed by a Kramers-
Kmnig transform of the imaginary part and by the expressia given by 3.2.8. The di erence
arises from neglecting the negative frequency pole.

3.4.1 Sellmeir's equation

Approximating the imaginary part of the susceptibility by

2
Q)= I,—Op (I o) (3.4.15)

and using Kramers-Konig relations, we obtain for the real paof the susceptibility:

|1 2

W= 7o (3.4.16)

which predicts the dispersion far away from the resonance. gimple generalization of this
equation is referred as Sellmeir's equation for the refraee index, usually written as a
function of the wavelength instead of the angular frequency

X b

n’() 1=a+ (3.4.17)



22 CHAPTER 3. LIGHT-MATTER INTERACTION

160

T T T T
|
|I BKT glass
S - o 1
_'_“'_ I| % Measured
E |
= \ — Selimsaicr
= 136 - '.I =
=
B s
E ;
o :
[=4 L
152 1 =
W,
~— i .
150 I 1 1 B — —
2 4 LR LR 1.0 L2 1.4 |6

Wavelength & (pm)

Figure 3.6: Comparison between a Sellmeir's equation withitee resonances (two in the UV,
one in the mid-infrared) and the experimental refractive idex for BK7 glass.

3.5 Interaction between light and a quantum system

Depending on the result of the microscopic model, there areamy ways to introduce the
optical response.

3.5.1 Fermi's golden rule: a loss term to a propagating wave

Let us assume the interaction Hamiltonian

Hine = qg* Esin(lit) (3.5.18)
the scattering rate, using Fermi's golden rule, writes:
1 X
= —= > jhijHine jfi (Ef  E;i  ~1): (3.5.19)

The absorption of the electromagnetic wave by the quantum stem is responsible for a decay
of the latter with an absorption coe cient , where

I(X) = logexp( X) (3.5.20)
The energy loss by the wave per unit volume is
P=v=| (3.5.21)

and the intensity is related to the electric eld by

| = = oNyesr CE2 (3.5.22)

NI



3.5. INTERACTION BETWEEN LIGHT AND A QUANTUM SYSTEM 23

wheren,e Is the refractive index and c the light velocity. Balancing lhe energy loss of the
EM eld with the energy gained by the quantum system vyields:

2R~!
= - 3.5.23
oNrefr CE2 ( )
therefore: | X
= — jhijDjfij2 (E; E;i ~1) (3.5.24)
OnopC f

3.5.2 A polarization eld

As a polarization eld P reacting to the incident eld E. The polarization is computed by
evaluating the dipole operator in the time-dependent wavehction:

P(t)= noh (Djgx (b)i (3.5.25)

and using a rst order, time dependent perturbation expansin for the wavefunction (t),
the susceptibility (!)is

fne X ., 1 1
= — X . . 3.5.26
(*) ~m6|JMIJ!+!Im+I T ( )
that can also be rewritten using the oscillator strength, deed as:
2mp. .
fi = =X} mi (3.5.27)
in a fashion very reminiscent of the classical expression:
2ng X f 1 1
(1)y= JTDo™ Imi | | (3.5.28)

3.5.3 A current density |j

As a current density] that is added to Maxwell's equations, in a crystal that has akady a
dielectric response (! ):

. @ .
r~ H = + — = E I E 5.2
4 T at i (3.5.29)
The equivalent dielectric function is written as:

A=) (35.30)
o'
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3.6 Momentum p and dipole z matrix elements: sum
rule

3.6.1 Relation between p and z matrix elements

As the commutator between p and z isz; p| = i~, applying it to the kinetic term of the
Hamiltonian one can derive the relation:

3.6.2 Sum rule

Taking the completeness of the (eigen)states

j nih pj=1 (3.6.32)

and the relationship between position and momentum matrixlement, the sum rule for the
oscillator strength can be derived:

fu=1 (3.6.33)

The sum rule appears in a number of context. It can be expreskas the integral of the
absorption strength. In the next graph, intersubband absqtion for three di erent samples
with various energy level ladder are compared. As expectetihe integrated absorption is
constant within experimental error.
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Figure 3.7: Comparison of the intersubband absorption foravious structures, with energy
levels schematically drawn close to the curves

3.7 Dipole or momentum matrix elements

Hamiltonian derived from
Lo (P o)’

o (3.7.34)

Use Coulomb gauger(A = 0). For low intensity (neglect the term in A?), we obtain as an

interaction Hamiltonian: i

H = —A P: (3.7.35)
Mo
Because of the large di erence between the light wavelengdnd the atomic dimension, the
spatial dependence of A(r) is neglected inside the matrixeghents. This is called the dipole
approximation. The ratio of the spatial frequency of the ligt wave kyh to the electronic

part ke is s

Kph _ Epn
Ke Erest Z(m :mO)

(3.7.36)

whereE .t = 550keV is the rest mass of the electron. This ratio is 10 ° for 1eV photons.
The form commonly used is then:

gA(r)

hijHj ji = m

hi(NjPj j(r)i (3.7.37)
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For a plane wave,A is paralell to E, for a wave polarized along z and propagating in the y
direction:

A1) = Agge® ")+ Age 'V 1) (3.7.38)

It is convient to use Ay being pure imaginary such both electric and magnetic eldsra real:
that yield E= 2i'A o and B = 2ikA,.
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Optical properties of semiconductors

4.1 Re ectivity measurements, ellipsometry

4.1.1 Re ectivity

Use a Kramers-Kronig relation to express the phase of the mctivity from the spectrum of
the intensity re ectivity:

Zl 0
()= 2 ) % (4.1.1)

4.1.2 Ellipsometry

There, the dielectric constant is obtained from a measuremeof the ratio of the p to s
re ectivity = {2 through:

. . 1
(1)=sin? +sin? tan® 172 (4.1.2)

Light source
Signal

Electronics

Computer

larization

Polarization ¢
after sample

before sample
Figure 4.1: Schematic diagramm of an ellipsometer.

27
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Figure 4.2: Dielectric function of GaAs. Note the in uence bthe surface oxide.
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Figure 4.3: Dielectric function of GaAs including the gap.
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4.2 Critical points and band structure, Van Hove sin-
gularities

0

L 1 1 1 1 1
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Figure 4.4: Dielectric function of Ge.compared with the coputation.
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Figure 4.5: Germanium bandstructure with the critical poins
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Let us use the Fermi golden rule, and assuming the invariancé the matrix element with
energy and wavevector. The transition rate is then given by:

Z

RTC e e e @29
wheredS is the element of surface in k space de ned by the equation
Ec(k) Ey(k)= ~! (4.2.4)
and C is a prefactor given by
C= 4m—~%q2A§ (4.2.5)
Expanding the energy around a critical point in a Taylor expasion:
x3
Ec Ev=Eo+ | a(ki  Koi)? (4.2.6)

enables a classi cation of the Van Hove singularities depdimg on the relative signs of the
coe cients a;: My and M; if they have the same sign (positive, resp negative), Mand M,
for saddle points. The shape of the absorption is shown in Fig.6.

R
As an example, for a three dimensional crystal with the y) dS =4 k2 and jr (E.
Ev)ie. ey= = jnz—:‘ yields an absorption coe cient proportional to

(mr)3=2p E Eo (4.2.7)
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Figure 4.6: Van Hove singularities

The square-root shape of the absorption at the band edge iswpared to the experiment for
InSb in Fig 4.7.
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Figure 4.7: InSb absorption, compared with the computatios1assuming constant and non-
constant matrix elements

4.3 Refractive index

For many devices, an accurate knowledge of the refractivediex and its frequency depen-
dence is very important. The Kramers Kronig relations, togider with a modelisation of the

imaginary part of the dielectric function, allow a phenomeological model of the refractive
index dispersion of I11-V direct semiconductor to be derivee Assuming the imaginary part

of the dielectric function °with the form:

RE)= E* (4.3.8)

between the bandgap energis and a nal cuto energy E¢ and zero elsewhere, as shown
in Fig4.8
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Figure 4.8: Imaginay part of the dielectric function for GaAs and the Aframowitz approxi-
mation

Because the dielectric response of the I11-V materials caonbe easily represented by a nite
sum of oscillators, this is a better approximation than a \nomal" Sellmeir's equation. From
a integration of the Kramers-Kronig equation, the refractre index is obtained as:

E2 E?
n(E)=1+ —(Ef E&)+ —E%(E? E2)+ —E‘Iln ——— (4.3.9)
2 EZ E?2

where , Ef and Eg fully characterize the material. In the litterature, the paametes are
given in terms of parameters of a Sellmeir's equation

Eerd

E)=1+ ———: 4.3.10
These parameters are related to the ones of our model through
q__
Er= 2E2 E3 (4.3.11)
and
= Eq (4.3.12)

2E3(E2, E})

The experimental results for a few relevant I11-V materialsare shown in Fig. 4.9 and
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Figure 4.9: Computed dispersion of the refractive index

the relevant material parameters in Fig. 4.10.

Ga;_AlAs GaAs, P, Gayln; P
Eoe (eV) | 3.65+0.871x +0,179x% | 3,65 + 0,721x + 0,139x% | 3,391 + 0,524x + 0,595¢"
Eq(eV) | 36,1 —245x 36,1 + 0,35x 28,91 + 7,54x
Eg (eV) | 1,424 +1,266x +0,26x> | 1,441 +1,091x + 0,21x* | 1,34 4 0,668x + 0,758¢

Figure 4.10: Energy gaps for various Il1-V materials for theefrative index
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Chapter 5

Bulk semiconductors: bandstructure
and fundamental gap

5.1 k p approximation

5.1.1 Basic approximations

Behind the e ective mass approximation lies a very powerfudpproach to the computation of
the band structure. It relies on the knowledge of the band sticture at k = 0 and expanding
the wavefunctions in this basis. The Schmedinger equaticfor a crystal writes:

p2 2

— + +
2mg Vi) 4m3c?

For simplicity, we drop the spin-orbit coupling term. The later arises as a relativistic term:

the motion of the electon in the eld of the ion, the latter ses an equivalent magnetic eld

that operates on the angular momentum variable. Let us rst ompute the action ofp on
, written in terms of Bloch wavefunctions so that

~ rVv) p ®=E (¥ (5.1.1)

(P = €FU L (9); (5.1.2)
we obtain:
p (€Xu (M) = i~F (€¥u. () (5.1.3)
= Ré®u (1) + €¥p u_ (9 (5.1.4)
= d"(p+ K)u, . (9: (5.1.5)
Using the above relation, the Schredinger equation is obtiaed for u, . (¥):
Lo 1s+ﬁ+V(1°)u (£) = EnU,(¥) (5.1.6)
2mp m 2mo Nk Mk =nk o

The Hamiltonian H = Hy + W (K) may be splitted into a k-independent

H, = sz PV (5.1.7)

Mo

37
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and k-dependent part -

k ~
W(R)= 5+ K P (5.1.8)

The solution of the the equation
HOUnO(f') = EnOUnO(f') (5-1-9)

are the energies of the band structure at the pointk = 0. The fundamental idea of the
k p approximation is to use theu,o(+) as a basis for the expansion of the wavefunction and
energies at nite k value. In the simplest cases, taking an terband transition across the
gap and looking at the conduction band, taking the second-der perturbation expansion:
k2 |~k X i) pjUm;off 2

Eo(k) = E.(0)+ — +
C() C() 2mo Mo Ec Em

(5.1.10)

méc

In the lowest order approximation, all other bands except fothe valence band may be
neglected, in which case the dispersion can be written as iag the zero energy at the top

of the valence band):
~2k2 ~2k2 pgv

E«(k)= Ec+ — + 5.1.11
(k)= Eot o+ o (5.1.11)
De ning the Kane energyEp = 2myP?2 such that
2. L
Ep = —jhucojpjuv,oij ® (5.1.12)
Mo
the dispersion of the conduction band can be written as:
~2k2 Ep
= Ec+ — 1+ — A.
Ec(k) = Ec e 1 Ee (5.1.13)
We then obtain the e ective mass as:
E
(m) *=(mg) * 1+ =" (5.1.14)
Ec

The Kane energy is much larger than the gagp >> E ¢ and is rather constant across the
[11-V semiconductors. As a result, the e ective mass in inwesly proportional to the band

gap.
One should be careful that some authors use the de nition

Ep =2mgP?2 (5.1.15)
(Bastard, for example), while others (Rosencher) use

Ep = P2 (5.1.16)

At least they all use Ep having the dimension of energy!.
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InP InAs InSb GaAs GaSb
g(eV) 1.4236 0.418 0.2352 1.5192 0.811
A(eV) 0.108 0.38 0.81 0.341 0.752
mp /my 0.079 0.023 0.0139 0.0665 0.0405
E,(eV) 17 21.11 22.49 22.71 22.88

Figure 5.1: Fundamental gap',, Split-o energy , conduction band e ective mass and
Kane energyEp for various I11-V semiconductors

In the above expressions, the spin-orbit term can be includdy replacing the operatorp by

4mOCz(~ FV): (5.1.17)

5.1.2 Beyond the perturbation expansion

A very powerful procedure is to expand formally the solutios of Equ. 5.1.6 in the solutions

at k = 0, writing formally: X

Un ()= i (K)Um;o(r) (5.1.18)
m

and restricting the sum to a limited relevant subset of bandsImproved accuracy can be

achieved by introducing more bands. In this basis, and prajgéng the equation onto the

state uy.o, the Hamilton equation is written as:

2|2 X
Euot oo Ea(k) &0+ HIZ AP =0 (5.1.19
Mo mé M
where the kp Hamiltonian is
HKP = —K Py, ojpjUmoi (5.1.20)
Mo

To the extend the matrix elements are known, equation 5.1.1®an be solved.

5.1.3 Example: a two-band Kane model

Let us write explicitely a two-band Kane model. The latter ca be a fairly realistic model if
one is only interested at the e ect of the valence band onto thconduction one, replacing the
three spin-degenerate valence bands (heavy hole, light @pbplit-o ) by an e ective valence
band. The u, can then be expressed as:

Unk = aclco + ayUyo (5.1.21)

Replacing this expansion into Eqg. 5.1.19, we obtain the follving matrix equation:
!

E.+ k2 il ¢
c 2mo Mo ~?|:(\; A = E ZVC : (5122)

m;Ok QV EV + m aV
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AssumingE. =0, E, = Eg, the solution of the matrix equation satis es:

~2k?2 212

k ~2. 0 .
7mo E)( EG+E E) m—%jk v =0: (5.1.23)

This second order equation in E can be of course solved difgcit is however more instructive
to write it under the form a pseudo e ective mass equation (rmemberEp = miopg\,:

~k?2Ep + Eg +2E

E(k) =
() 2mg E + Eg

(5.1.24)

For k! 0O the above expression reduces itself to the result of the pabation expansion:

(m) *=(mo) * 1+ =F (5.1.25)
Ec

Equation 5.1.25 can be expressed in a somewhat simpli ed fior
E
m(E)=m (0) 1+ — (5.1.26)
Ec

that is commonly used in the literature.

5.1.4 Realistic model

To have a realistic description of the band strucure, the fldwing steps are taken.

In a rst step, the valence band k=0 Bloch basis function are bild using orbitalsjX;Y;Z "#i;
in such a way as to build states that are eigenstates of the @ltangular momentum operator
J2 and J,. Of course at this point the direction of quanti cation is totally arbitrary. The
gure 5.3 gives this expansion explicitly. This expansionsi done in two steps: rst one
should eigenstates of the orbital angular momentum as a fuimn of the orbitals and then
use the sum of angular momentum rules to get the total angulanomentum (orbital plus

spin).
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f—
\T]

Figure 5.2: Schematic band structure

w | 17, m) Urm, ek =0)
u, ‘%%) i|sty 0
U ‘%%> 7\/§|z?>+ﬁ|()(+iy)$> .
wl |3.2) %uxnym —
" ‘%%> %|(X+iY)$>+\}5|z‘r> i A
U ’%g%> iIshy 0
ug |§_%> _if_gl(x_w)h—\/;zb ™
g ‘%,%> %uanb E
e .%_%> 4\—%|(X—i)’)?>+%12$> s

Figure 5.3: De nition of the basis vector

Once this basis is de ned, the matrix elements are taken betgn these basis states dropping
the k-dependence of the spin-orbit term. Relativistic ternsuch as the Darwin term are also
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neglected. The only non-zero matrix elements between orais are
[ [ [
P = —hSjpjXi = —hSjp,jYi = —hSjp,jZi 5.1.27
mg SIPd mo IRy g SIP] ( )

between orbitals with the same spin because all others vamiby symmetry. The resulting
matrix is shown in Fig 5.4.

, 31 33 11 ; §_l> §_§> 'l_l>
list) ‘§’§> |§’§> ‘2’2> lis) Iz’ 2/112° 72 373
ast)| e —\/gPhk_, Phk, 1 pak, 0o |-Lem| o — Ppwk
zmo S \/3 \/3 3
31 5 k> P
=, | |- |2 Phk.|— ey + 0 — hk 0
(53 \/3 (T B 0 ¢
33 22
. Phk 2 0 0
<2 5 . 0 0+ o 0 0 0
24.2 o
<1 L1 L P, 0 0 |-ep—nn+ K \/gPhk_ 0 0 0
22 \/'3 2m0 3
= = —
(st | 0 £k, 0 \/gPhk+ L _\/%Phk, Phk_ L Pk,
V3 3 2my 3 V3
3 1 1 5 IR
g L | R 0 — [EPhk,|— £y + ~—
HE o 0 \/3 I .
3 3 hlkz
3 3 i o
<2 5 0 0 0 0 Phk, 0 % g 0
5 272
<1,—1 = Pewk| o 0 0 L, 0 I P N .
27 2 3 V3 2my

Figure 5.4: Matrix equation for thek p 8 band model

Solving the matrix equation shown in Fig. 5.4, one obtain anmplicit equation for the
dispersion given by:

K) K+ e[ K+ c*]=

where (k) is de ned by

(k) =

2K2p2

~2k2

(k)

2mg

(k) =

2
(k) + G+?

G

(5.1.28)
(5.1.29)

(5.1.30)




5.1. K P APPROXIMATION 43

Equation 5.1.29 is the one of the heavy particule (at this l&l, they display a positive (i.e.
electron-like) dispersion, and the equation 5.1.29 the hgparticules. The computed bands,
with GaAs band parameters, are shown in Fig. 5.5.

GaAs
1

0.5 Kane 8 bands
- 0
S
L -0.5
>
o -1
[}]
c
w -1.5

2 T

0.02 0.04 0.06 0.08 0.1 0.12
Wavevector k (1e10 m-1)

Figure 5.5: Computed band structure of the GaAs using the 8 bba model

The structure of the valence band is shown in more detail in §i 5.6.

GaAs
-1.4
I

-1.6

>

)

> —1.8

> -

()

C

(I _2t —
-2.2

0.02 0.04 0.06 0.08 0.1 0.12
Wavevector k (1e10 m-1)

Figure 5.6: Computed valence band structure of the GaAs ugjrthe 8 band model

A striking feature is the electron-like dispersion, with a bre electron mass, of the heavy
hole states. It means that the heavy hole band is not coupled tthe conduction band.
The correct dispersion of the heavy hole band can only be piettd when including the
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e ects of the remote bands. The absence of coupling is apparérom inspection of thek p
by remembering that the direction of quanti cation is arbitrary and therefore can be chose
always parallel to the vectork. In that case,k = k, and it is apparent that the statesj%; %i
are not coupled to any other band. For an other direction of canti cation, the same heavy
particle is a linear combination ofj; 32i andj3; 1i states.

E ective masses can be obtained from this model through a Tayr expansion of the solution

of equation 5.1.29 arounck = 0. The values obtained are

1 1 4p2 2 P2
= — 4+ ——+ — 5.1.31
m . mg 3Eg 3Ec + ( )
1 1 4P?
= — —— .1.32
m Mg 3Eg (5 3 )

8

1 1 2 P?
= = 1.
m., my 3Eg+ (5.1.33)

(5.1.34)

where the group theory notation has been used to distinguighe various band edges: ¢
corresponds to the conduction band, g the light holes and - the split-o band. The mirror

e ect of the bands is clearly apparent.
Comparison between this dispersion and the results of a psledpotential computation is

shown in Fig. 5.7

E(eV)} E(eV) /
20+ 20

T

=)
e |
ﬁ__l_\
5

2n

| R A I R & |

-04 0 04 08 04 { o 04 08

Imk, oS Rek, Imk, a5 Rek,
" GaAs [100] i

10
AlAs [100]

1.5

N ™

Figure 5.7: Comparison between the kp approximation and a @sdo-potential computation

The k p approximation is very good as long as the wavevector remainkse to the center
of the Brillouin zone. In particular, it is unable to predict the minima at the edge of the

Brillouin zone.
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5.2 Computation of the absorption edge in bulk mate-
rials

From the comparison between the energy lost by the optical wa and the one gained by the
guantum system, we had derived in equation 3.5.23 a relatisinip between the scattering
rate given by Fermi's golden rule R and the absorbtion for anlectric eld E.
2R~
= —— 5.2.35
oNrefr CcE? ( )

Rewriting the latter equation as a function of the potentialvector Ao = E=(2i! ) and using
for the matrix element the equation 4.2.3 we obtain:

Z . )
~20P 1 dSje Mgj?

S = : 5.2.36
oNrerr M3!lc 8 3jr «(Ec  Ey)je. gy=n ( )

(1)=2

If we assume that the matrix element is constant as a functioaf k, we can pull it in front of

the integral, and the integral itself gives the value=81—34"~22if‘r ; writing the result as a function

of the reduced electron-hole e ective mass, we have:

o 2m, 32, P
)= ~e M ~lE 5.2.37
In this approximation, the term (! )! is proportional to P ~I'" Eg, which is the reason it
is displayed under this form in Fig. 4.7. The Matrix elemenje M,j is given by
z
~je Myj= = d*re’*u_ (Fpe Uy (¥ (5.2.38)
crystal

The integral can be carried over using the rule for the applation of the p operator on the
Bloch wavefunctions:p! (~K + p) that yields:
Z

~je Myj = d’re’®u (e (K + Puy(f)
V%YSW crystal v 7
1
= ( d®r(u_ (V~Ru ) + u_. pu, ()
Vcrystal crystal vk oK Zcrystal vk UCR (5.2.39)
—e 1 d*ru_, pu. (¥
Vcell cell vk UCR
= Pev

assuminge==p The rst part of the integral is zero because of the orthogaality of the basis
Bloch function. Because of thek p formalism, we know the value of this integral that is
rather constant for 111-V semiconductors as the Kane energigp = 2p;,=mg is about 2GV.

We may also express it in terms of a dipole matrix element, using the relationship between
the r and p matrix elements ¢, = W!icvpc‘/) and yield

rod = £ o (5.2.40)
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To nd the accurate values of the matrix elementp., for a given polarization direction, one
should take advantage from the the fact that the interband mtix element has the same form
as the one used for thé&k p derivation, by just identifying the light polarization dir ection
€ with the K and using directly the matrix shown in Fig. 5.4. The spin setgivity of the
]3=2; 3=2i to the conduction bandj1=2; 1=2i is already apparent in the the matrix.

Usingk p approach, we can also explain why the matrix element is a sligwarying function
of k: as we move away from the k=0 condition, the states will badmixtures of the Bloch
edge wavefunctions. The respective contribution will scallike the E= for the spin-split
band and E=E ¢ for the condution band part.

Finally, one can rewrite Eq 5.2.37 using the relationship Ieeen p., and the Kane energy
Ep. To be accurate, on also should consider that with the spirdait coupling in e ect, % of
the oscillator strength will be at the rst band edge, as show by the ratio of the contribution
to the e ective masses of the bands. The absorption then was:

B o 2m, 32EpP ———
=5 me = o ~ Eo (5.2.41)

5.3 E ect of carriers

A key feature of a semiconductor is the possibility it o ers ® modify its free carrier density
either by doping, electrical injection or optical pumping.Not only will these carriers modify
the conductivity of the structure, they also greatly a ect the absorption edge.

When computing the net rate of transition between in a geneldawo level system, the net
rate of transition writes:

Whet = Waps  Wstim = W(nl n2) (5-3-42)
where w is the rate per carrier. We will modify the relations in a simar way for the

semiconductors. We will assume that the probability of ndihg an electron at energy E in a
band is given by a Fermi-Dirac distribution function such tfat

1
= = (5.3.43)
exp(==2) +1
1
= = : (5.3.44)
exp(=7+) +1

In these equations, we choose to allow a di erent chemical fgmtial for the electrons in the

valence band and in the conduction band. As the thermalizain of the electrons occur on a

much faster time scale within the bands (typ 10ps) than betvan the bands (typ time 1ns),

this approximation enables us to treat carrier injection insemiconductors. Note that the

Fermi distribution for the valence bandf, is the one of the electrons, the one for holes being
; (h) — (e)

simply fy’ = fv.

As in the two-level system, we write the net absorption as thdi erence between absorption
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(proportional to f,(1 f¢)) and stimulated emission (proportional tof (1 f,)), yielding

Z
2 ~2 H i2
~“Q 1 dSje My
1)=2 ——— ——- . fu(l f fo( f
( ) oNrefr m2!C 8 3Jr k(Ec Ev)lEc Ey=~! V( C) C( V)
” 5 ) > (5.3.45)
=g 4 L B Md e ) (B
oNrefr mcz)!c 8 3jr k(Ec EV)jEc Ey=~! Y VR ¢ o
which can also be written in the parabolic case:
2 2m, S32EpP —————

where the energy dependence of the Fermi distribution hasdreexplicited in the last equa-
tion in the kinetic energy termsEy. ). The latter ones can be easily extracted from the
fact that we are dealing with vertical transitions in k-spae:

Ekv(~! )+ Exe(~!) =~ Eo (5.3.47)
which for parabolic bands can be expressed as:
- ™
Ekc = m, + mh( I Eeg) (5.3.48)
Eev = —1e (1 Eg) (5.3.49)
’ Mme + mh

5.3.1 Burnstein shift

In the case of doping, we usually have that if the doping of tygn thenf, is unity, in the
case of p doping therf. is zero. The net e ect of doping is a shift of the bandgap as the
band is lled by carrier.

1.2

=L~
(78]
0 ———xFo 2
_ — =k S
o T eite ~15=
a. =
08 -z
: =
%0.4_ 3 :’g)
s =
0.2}= ————i . )\G__? g
”degNl) ,/’ —
| . \II | \Inrpfﬂ | yi | | ||__ g

o 0 0° 0P

ELECTRON DENSITY, n {cm—3)

Figure 5.8: Burstein shift of InSb (very light electron mas®f 0.013 m0) with n doping)
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This phenomenon has been recently used to fabricate low losaveguides for InAs-based
QCLs at =3 m, where InAs would normally be strongly absorbing.

@ 54

T T T T 7 L T 1-0
e ——

I {08
_ 2 8 S
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2 3 < %’ é T 106 >
o S = = = @
£ L)
& | {04 E
E]:—’ 251 §
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2.0 L 0.0

0 1 2 3 4 5 6

Distance (um}

Figure 5.9: Waveguide including heavily doped InAs layers

It can be shown, using the Kramers-Konig relations and assung parabolic bands, that the
change in absorption edge with the presence of free carriéngluces a change in refractive
index that can be approximated by:

4 ~2 q2 pgv

n(g) =
( ) Nrefr m(2) Ec;(EG2 E2)

Ne;h (5.3.50)

whereEg  Eg+ KT is the energy at which the integrand in the KK relation has a mamum.
The latter relation is valid far enough from the band edge.

5.3.2 Bandgap shrinkage

Coulomb interaction introduce a bandgap shrinkage propadidnal to the n'™ and is indepen-
dent of e ective mass. This term is di cult to compute accurately but should be taken into
account for reliable computations of the e ective bandgap.

54 Gain

In the case of non-equilibrium bands (. 6 ) then the possibility arises to observe a
negative absorption, i.e. gain. The condition for the obseation is that

f, f.<0 (5.4.51)
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which, when explicitely writing f. and f,, yields that

(¢ v
exp T > 1 (5.4.52)
which implies that
(¢ >~k (5.4.53)

The separation between the quasi-Fermi levels must be largégman the photons. (It also
means that the applied voltage on the diode must be larger thathe photons, also!). This
condition is referred as the Bernard-Durrafourg condition
The gain as a function of injected carrier density may be diotly computed by using Eq 5.3.46
and the neutrality condition:

n=p (5.4.54)

for undoped material, or more generaly
Ny + N, +n+p=0 (5.4.55)

Using the Fermi distributions and the neutrality condition for undoped material, the dif-

ference between the separation of the quasi-Fermi levelsdathe bandgap of GaAs can be
obtained and is plotted in Fig 5.10. As shown in the latter, fothese parameters the trans-
parency is reached at a carrier density of aboutl 10'%%cm 3.

Fermi-level difference vs n T=300K
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ABE

Figure 5.10: Separation of the quasi-Fermi levels and the hdgap of GaAs as a function of
carrier density

Using the parameters of GaAskg = 1:5 eV, Ep = 22eV, and the usual masses) the gain at
T = 300K has been computed and is shown in Fig. 5.11.
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gain vs An , T=300K
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Figure 5.11: Computation of the gain for various carrier desities between 5 10!/ to 2 10'8,
as indicated

In Fig. 5.12, the energy range where the gain was displayedstaroadened to show the energy
range at which the change of absorption vanishes. The chanigeabsorption with injected
current, over this wide frequency range, is responsible ftire large change in refractive index
at the gain maximum.

gain vs An , T=300K

1.5 1.6 1.7 1.8 1.9 2
Transition energy A(meV)

Figure 5.12: Computation of the gain for various injected desities, as indicated. The range
is choosen to show the energy where the absorption is indedent of carrier density
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5.5 Spontaneous emission and luminescence

To compute the net absorption, we had to deal with the balancketween the rate of upward
transition and downward transitions. Let us write again thenet transition rate as:

Whet = BB Bev(fy  fo) (5.5.56)

To derive an Einstein-like argument about the relationshigoetween absorption and spon-
taneous emission, we will be interested in the case that thadiation illuminating gg the
system is produced by a blackbody. We will write the transitn rate using Fermi's golden
rule:

Bey = Ejhinimjj ij2= EqZEngv (5.5.57)

where we will associate the electric eld produced by the sife photon in the volume of our
system, i.e. setting
1
~l = énfefr oE?V: (5.5.58)
We also use the relationship between the interband dipole rimx element r, and the Kane
energyEp

2= ~ Ep. (5.5.59)
cv 2m0 Eé’ 9.
as a result, we obtain
q>~ Ep
BCV = e (5.5.60)

B 2nrzefr oMo EG '
The blackbody electromagnetic energy density, usually esgssed as a function of frequency,
must be expressed in density of photon per unit energy, i.e.

_8n%, h?2y 1

refr

B8 h3c3 exp( &) 1

We then write a detailed balance between stimulated emissipabsorption and spontaneous
emission at thermal equilbrium:

(5.5.61)

e Bafv(l fo)= geBoafc(l fy)+ Aafc(l fy) (5.5.62)
Using the de nitions of f, f, as above, we obtain thatA., and B, must be related by
8n 3. h? 2
A = BCV#. (5.5.63)

The coe cient A, has to be interpreted as the rate at which a carrier in the bandcaving a
hole to recombine with, will incur spontaneous emission. Wee ne the inverse ofA. ! = s
as the spontaneous emission lifetimg. Finally, using the value ofB, derived from above,we

have: L )
anefr
— = — —  EcEp: .5.64
= 5 g o EoE (5.5.64)

A typical value for the spontaneous lifetime iss = 0:7ns for GaAs. As shown by the above
equation, this time will drop as the energy of the gap increas.
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5.5.1 Relationship between absorption and luminescence

Note that we can write the absorption coe cient as:

= ”fecff Buo(fy fo): (5.5.65)

The Einstein relation betweenA., and B, allow us to write a very general relationship
between the spontaneous emission and the absorption. Theogfaneous emission rate at
the photon energyh
Aofc(d f
I'spon = Aafc(l  fy)= Bea(fy fc)ﬁ
Nrefr hC2 fV fC

a8n r2efr h2 2 1

h3c2  exp( &) 1
For large gap materials, and at reasonably low temperatureEgs >> kT and therefore
8n r2efr h2 2 h

e 2Pl T

(5.5.66)

= (h)

I'spon = (h) ) (5.5.67)

5.5.2 applications: luminescence lineshape

In general, we saw that for Bulk materials, the absorption h&the form P ~I Eg with
some weaker energg dependences. As a consequence of E.7/5% luminescence lineshape
should conserve the ~I  Eg behavior at the low energy side and an exponential decrease
at the high energy side. o
e h
L(h) h Ec exp T (5.5.68)
The width of the curve should be approximatly 18kT.

Measurement
Fit

Photoluminescence of GaAs at 300K

i

06 -

04

Mormalized PL Intensity (a.u

Oedi

0 : L L | ||
07e 078 08 0.82 0.84 0.86 0.8 0.9 092 094 0396
Wawelength (urm)

I I T

Figure 5.13: High energy tail of the photoluminescence of @a as a function of pumping
intensity. The tted temperature is indicated.
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The photoluminescence of a undoped GaAs at room temperatuie shown in Fig. 5.13 as
a function of wavelength, along with a t that uses an expressn equal to Eqg. 5.5.68 but
expressed in wavelength units.

5.5.3 Electronic temperature

The measurement of the high energy tail of the distributionpbecause of the relative slow
variation of the absorption, enables the measurement of thearrier temperature. This was
recognized very early by Jagdeep Shah of Bell laboratoriefiav rst measured the shape of
the luminescence as a function of optical pumping intensityResult of such an experiment
is shown in Fig. 5.14

'05 o [
I | on-TYPE
4 . { op-TYPE
ERL NN
~ o
E N\
2 e
’.Z N\
E %\ \{\
2 LN \1\
r = l
o N,
E; \
z \ N
z \ ReR,76°K
W, X € ol
% 10 \
[} \,
@ AN
() N
z X
= \ \\:
3 ‘\ Py =Fp:64°K
g w \
o P.=000I63 Ry}
H 217K \
P,=000II2 R, X
14°K \ P,:0.0492 R,
a5°K
EgiAT 2°K) P2=0.0336 Py
il [ 36°K
|58 1540 7562

ENERGY OF EMITTED PHOTONS (eV)

Figure 5.14: High energy tail of the photoluminescence of @a as a function of pumping
intensity. The tted temperature is indicated.

A plot of the carrier temperature as a function of pumping inénsity demonstrated the key
role of the optical phonon energy in the carrier energy digstion:
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Figure 5.15: Electron temperature as a function of pumpingux. The activation energy
found (33meV) is very close to the optical phonon energy (3&Y)

This technique became a standard procedure for the measumemhof the carrier temperature
in all optoelectronic devices (lasers, transistors, etq..

5.5.4 Gain measurement

An other interesting application of the relationship betwen luminescence and absorption is
the possibility of measuring gain from the measurement of ampli ed luminesence. In fact,
assuming thatf . and f, are characterized by quasi-Fermi chemical potentials. and , the
ratio f,(1 f,)=(f, f;) appearing in Equ. 5.5.66 does yield:

f‘}(l ffV) = ~ (1 ; (5.5.69)
v T¢ exp(—F—) 1
in which case the absorption is related to the luminescenceg:b
— h3c? ~! (¢ v)
(h )= rspon8 nZz h22 exp( KT ) 1 (5.5.70)

refr

and the latter equation can be used to measure the absorptidand therefore the gain)
through a measurement of the unampli ed luminescence as anittion of injected current.
This technique was rst demonstrated by C. Henry from Bell Las.
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Figure 5.17: Luminescence as a function of injected currenthe measurement of the gain
is deduced from the ratio of these curves
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Figure 5.19: Gain at the laser wavelength versus carrier dsty

5.5.5 Bimolecular recombination

Let us consider the termf ;(1

1 Ec ¢
= ex
1 Ev v
1 fy,=1 ex

As a result, the productf,(1 f,) is given by

fe(l fu) exp

fy) at low injection levels, in the classical regime. we have

(5.5.71)

(5.5.72)
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We then want to compute the total recombination rate from allthe carrier population. To
this end, we integrate the spontaneous emission as a functiof photon energy:

Z
1

Rspon = — J(h (1 fy)dh

=iexp e v iexp — dh
e “T 5.5.73
SO Lo2m 2 e &5

s 22 2 £ . © kT
_exp S5 1 2mkT =7 1 p_ _
=37 = i uexp( u)du:

R, p_ p_
The integral P uexp( u)du= —-. The above equation may be simpli ed by expressing
the quasi-Fermi level implicitly through the electron and lole concentrations, always in the

classical limit:

n=Ncexp ——
kT (5.5.74)
p= N,exp B v
KT
where the quantum concentrationN.., iS given by:
M KT 32
Ney =2 2°*V~2 (5.5.75)
The product np yields (law of mass action)
E. E
np = NcN, exp (Ec E) (e ) (5.5.76)
KT
That allows nally us to write the total spontaneous emissio rate:
1 np
Rspon = —— N 5.5.77
spon spon NCNV ) ( )
written usually as a function of the bimolecular recombinabn coe cient B
Rspon = BNp (5.5.78)
As the value of B is given by:
N.
B= — 1 — 5.5.79
Nch spon ( )

B is both material and temperature dependent. The temperate dependence iF 32 and
the material dependence can be expressed using the knownueal of the quantum concen-
trations and of the spontaeous lifetime.

It should be remembered that the range of concentration in vith this expression is valid:
it assumes classical distribution (limitation towards thehigh concentrations) but does not
include the excitonic e ects and so is expected to fail at vgrlow concentrations.
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Chapter 6

Quantum wells and nanostructures

6.1 Envelope function approximation

The problem we will try and solve now is the one of a heterosruce, in which two materials
A and B are sandwiched together. Of course such a material ddde seen as a new material
by itself, and its band solved by ab initio techniques, but sth a computation is very heavy,
time consuming and moreover does not give much physical igkt into the result. The
envelope function approximation solves this problem in a we e cient and elegant manner.
It is widely used to predict the optical, electrical properies of semiconductor nanostructures.

6.1.1 Multiband case

At the core of the envelope function approximation is a genalization of the k p approx-
imation: it is postulated that the wavefunction can be written as a sum of slowly varying
envelop functionsf IA;B (r) that will modulate the Bloch function of the material, namdy:

X
(= fMuil(r): (6.1.1)
|

Behind the equation 6.1.1 is the idea that at each point, the avefunction is described by a
k p decomposition and that this decomposition depends on the giton. Furthermore, it
is assumed that

1. the envelop functionf IA;B (r) is slowly varying compared to the Bloch wavefunction, if

flA;B (r) is written in a Fourier decomposition, the wavevectors arelose to the center
of the Brillouin zone

2. the Bloch functions are identical in both materials, i.e.uf, (r) = ug, (r). This also

implies that the interband matrix element hSjp,jXi is equal in both materials.

It allows us to write te wavefunction as

X
(1= 1P u(n): (6.1.2)
|

59
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Let us assume rst a quantum well, in which a layer of materialA is sandwiched into a
barrier material B. Because of the in-plane translationalnvariance, the wavfuction may be
written as plane waves:

fi(r:2) = pl—gék?f? () (6.1.3)

where z is choosen as the growth direction arkhb = (ky;ky) is the in-plane wavevector.
Note that this convention there is confusion in the litteratire as the sign? may either mean
perpendicular to the plane of the layers or to the growth axisThe Hamiltonian is then

2
H= 2 4 Va(r)Ya + Vs (1) Ye (6.1.4)
2mg

where the functionsY,(z) and Yg (z) \turn on" the potential in the respective layers. We
will develop our system close to k=0. To solve the system, weust:

1. Let H act upon (r)
2. multiply on the left by u,(r)e 2™ (2)
3. integrate over space

We have to use the following relations. As the envelop funcin is slowly varying, we may
write Z Z
cell cell

and take advantage of the fact that the band edge are eigen fttion of the Hamiltonian at
(k=0):

2

2'0_ £ VAB (1) Umo(r) = A% Uneo(r): (6.1.6)
Mo

The derivation is rather tedious, but one should note the sifarity with the normal k p
technique by considering the action of the operatgps on the wavefunction:

@

P’ 1(2)u(r)) = (~ko i~@z+ P (2)u(r) (6.1.7)
and we then may consider the substitution
p! (~k, i~@@z+ p) (6.1.8)

where it is understood that p then acts only on the Bloch part bthe wavefunction. Using
the above substitution into the Hamiltonian, one nally get the following set of diferential
equation written in a matrix form:

D(z; i~gz = (6.1.9)
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where the elements of the matriXD are given by the equation

2 k?, 2 @

Dimnw = AY + BY + .
Im | TA | B 2m0 2m0@% I;m

(6.1.10)
+ X Hipyimi " hijpgjmi &
Mo mg @z
and the matrix elementHjpjmi = __ u, pUnL dr.
6.1.2 One Band model
As an example, let us consider rst a pure one band model. Skt
fYa+ PYs =V(2) (6.1.11)
we obtain the Schredinger equation:
( ~—2@+ V(2) (2= (2 (6.1.12)
2m, @2

This equation is of course the one of a free electron in a potieth As a consequence, it does
not take into account the dispersion of the band. A much bettemodel would be to replace
Mo in equation 6.1.12 by the band e ective massnes; . For an isolated band such as the
heavy hole band, it is a rather good approximation. Formallyit should be done by adding
the e ect of the remote bands in the matrix 6.1.10, the resulobf which is given (see Bastard)
for a 8 band model with the remote bands as
2k2 2 @

At Vm@+ 5T

~k? . . i"' . @
oM, 2m, @2 I;m+m—OHJp’?Jm| m_OHJpZJmI@z

m=1
2@ 1 i~2 X 1 1 ~2 X 1
5_@ ZZ_@ '? Z_@+_@Zk — K—K o= |

CQZMIm @Z =Xy Ivllm @Z CQZMIm ©o=xy |V||m

(6.1.13)
where e ective mass parameter$/,,, are de ned as

=— h [ hm | 6.1.14
M, m, P v ullLy ( )

One sees that for a one band model, neglecting the in-planesplersion, the term% @@#@@Z

is the only one remaining and will then change the e ective n&s. Boundary conditions can
be derived and be shown to force the continuity of the wavefation and of the quantity

1 @
m(z) @z

which is proportional to the probability current.

(6.1.15)
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Using this model, on immediatly obtain the con nement energin quantum wells, that will
express themselves by a increase of the apparent conductitand and valence band energy.
This e ect will be stronger for electrons that are lighter than for the heavier holes.
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Figure 6.1: Computed con nement energy of electrons in theonduction band as a function
of well width.
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Figure 6.2: Computed con nement energy of the valence bandg @ function of well width.

6.1.3 Two band model

For the conduction band, a very nice model is the one in whichhe keeps one valence band,
creating a two-band model. For simplicity, let us look at thestates atk, = 0 and neglect
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the free electron term. We obtain the system of equation gimeby:

i~ @ "
Ve(2)f ¢ _mopcv@gv = Te (6.1.16)
i~ @ [
e pcv@;c + W (2)fy = "y (6.1.17)
Extracting f, from the second equation yields:

1 i~ @

= ——— —f
V. (2) mo ' @2°
replacing into the rst equation, after substitution, the following reslult is obtained.

~2jpcvj2_@ 1 —@f

me @Z V(2) @ZC
Recalling the de nition of the Kane energyEp = miopgv and de ning an energy-dependent
e ective mass:

fy (6.1.18)

+ Ve(@)f o = "f o (6.1.19)

1 1  Ep

— = 6.1.20
we obtain nally a Schredinger-like equation
~@ 1 @ e
E@m@gc + Ve (2)f o = "f e (6.1.21)

This model is very useful to model the electronic states in éhconduction band with the
inclusion of the non-parabolicity. It is very widely used inthe study of intersubband transi-
tions.

Non parabolicity
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Figure 6.3: Energy states of a quantum well computed with a wrband model, and compared
with a one-band model (dashed lines). The growing importaecof non-parabolicity as one
moves away from the gap is clearly apparent.
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6.1.4 Full model: the valence band

To be accurate, the fullk p envelope function model must be solved, that is the set of 8
di erential equations de ned by the equation 6.1.9. Solvig the full model is essential in the
valence band because no simpli ed model can easily be usedadime degree of accuracy is
sought. It is observed that:

It is usualy convienient to use the growth direction as the cantization direction for
the angular momentum.

The con nement potential lifts the degeneracy between thedavy and light hole bands,
because their di erent mass induce a di erent con nement eargy

The in-plane dispersion is highly non-parabolic because thfe coupling between the
bands induced by the in-plane momentum. In particular, thiscoupling prevents any
crossing between the light-hole derived and the heavy halierived band (see dahsed
lines)

In some cases, the mass is inverted: the bottom of the LH1 bardhs a electron-
like character over some portion of reciprocal space becausf the repulsion and its
proximity to the HH2 state.

This e ect is shown schematically in Fig. 6.4. As a result, tb computed band structure is
usually fairly complex, and yield results such as the ones@hin in Fig. 6.5

E E
Bulk (k=0) Confinement (k=0)

(a) (b)

No interaction With interaction

ky ky
(A 2mg) (1+%,)
/(ﬁ7/ 2mgy) (1,-7,)

(c) (d)

Figure 6.4: Schematic description of the origin of the valee band dispersion in the quantum
well showing schematically the e ects of con nement and imractions.
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Figure 6.5: Dispersion of the state of a quantum well in the \@nce band.

6.2 Absorption: interband case

The states computed using the envelope function approximanh can now be used as a basis
for the computation of the absorption in the system. Let us weshere the dipole interaction
Hamiltonian (the reason for using it will appear later) so tlat

Hine = QE 1 (6.2.22)

and let us consider the transition from a valence band statawgn by

ink,i = 191f A(2)€7 "7 uy (1) (6.2.23)
to a conduction band 1
jmk9i = P m(2)6%? 2 ug(r) (6.2.24)

wherer =(r,;z) is the position andr, is the in-plane coordinate and A the sample's area.

The matrix element is then
Z

mKIJE rjnk,i :% d®r (2)e M Tu(r)E 1 (2)€% € uy(r): (6.2.25)

space
The above integral can be simpli ed by:

. : . P
Breaking the integral into a sum of elementary cells
carried over

, over which the integral is

Assuming that the envelope functions are slowly varying antherefore can be pulled
out in front of the integrals.
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We then obtain:

1 a,
0 ) . _ 1 : 74 (ko +q k3 )ro
rmkojE rjnk’?l A . m(Z) n(ZI)NXNy_ ) el
1z Ir]Z bty
! driu (rE rdy(r)etea re (6.:2.26)
VceII cely

[
+E 1% P, (rYu,(r)eketa <k,

cell

that can then further be simpli ed (note that the second intggral is zero because the Bloch
functions are orthogonal):
YA 1
mMKIJE rjnksi = (ko +q K3)rey me mv (6.2.27)
1

The corresponding scattering rate, computed using Fermitgolden rule, writes:
Wy ¢ = qujrcvjzjhm;cjn;vijz: (6.2.28)
As in the three dimentional case, it should be summed in k-spa for all available states that

satisfy the k-selection rule, and multiplied by the correspnding Fermi distributions. We
obtain for one pair of subband:

Wyr ¢ = qulrchZJhm;CJn;VUz _:2( ~ (Ec+ emt vin))fun(l fen) (6.2.29)

Notes on this result:

The scalar productjhm; ¢jn; vij 2 will be zero for quantum well states of opposite parity
in symmetric quantum wells.

In general, this term will be very small for states with di erent level index.

The matrix elementr., depends on the polarisation direction and on the nature of ¢h
valence band Bloch states.

Let us consider the last point a little more in detail. For exaple, let us assume we are
looking at a transition between a statejg; gi and the conduction bandjix "i . Using the
relation between the dipole matrix element and the momentummatrix element:
i~

lev = 7mOEG Pev (6.2.30)
we can then use the Kane matrixx p 5.4 to obtain the value of the matrix element, that
would be pl—épc\, for this heavy-hole to conduction band transition in the TE mlarization
direction. One can check that considering a light hole to caction band transition would
lead to a coe cient equatl to pl—é
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Table I1. — Selection rules for interband (inter-subband, it btained from the
absolute value of the matrix element (S? |e.plugy, a=Tg, 'k, = 0.
Polarization £ £y £, Type of transitions
i i I
Propagation EiS == impossible HH, —~ E,
parallel to z V2 V2
Propagation impossible LS forbidden HH,-E,
parallel to x V2
Propagation = impossible | forbidden HH, - E,
parallel to y N2
i n I
Propagation 2 — impossible LH, > E,
parallel to z NE) Vo
it T
Propagation impossible — %.IL LH, -~ E,
parallel to x Vo V6
. I 20
Propagauorl - impossible — LH, > E,
parallel to y N6 \6
Propagation i n i i
parallel to z \/5 V3 impossible 7= En
. I I
Propagatlori impossible 7= T2 1)y~ Ep
parallel to x V3 V3
) bie )il
Propagation — impossible —_- (I')w—> En
parallel to y V3 v3

Figure 6.6: Interband selection rules for quantum wells
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Figure 6.7: Quantum well absorption in TE and in TM, showing he absence of HH transition
in T™M

Finally, the absorption can be obtained from the scatteringate by computing the ratio of
the absorbed power divided by the incident one. For a quantunwell at an incident angle of
, the result yield:

~w ¢ — qzmr~!
 oncE2cos()  ~ oNyerr CCOS()

i q revi?ihm;cin; vij (6.2.31)

assuming the whole beam is intercepted by the quantum well.lthe above equation, the
absorption is number, and represents the fraction of the beaabsorbed by the quantum
well system. For situation where the incidence angle is= =2, the latter assumption is not
possible and one then de nes an absorption coe cient givenyb

qzmr~! . .. . . D
= - r hm; ¢jn; vij ©°— 6.2.32
S ong o o Fed Imignivi dom ( )
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where dqw is the thickness of the quantum well (but can be de ned in an dter manner as
the period length for a superlattice) and the overlap factoof the quantum well with the
intensity of a guided mode is de ned by:

R ag,

= _Raz2 - 7 (6.2.33)

, EZ2dz
Note that the product dg,, is almost indepdent of dyy as long as the quantum well is much

smaller than the width of the guided mode.

6.2.1 Interband spectroscopy: notes on the techniques

Comparison between the di erent techniques used.
Absorption
Photoluminescence

Photoluminesence excitation

Figure 6.8: Comparison between absorption, PL and PL exciian (From Cardona's book)
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Figure 6.9: Comparison between absorption, PL and PL exctian (From Weisbusch and
Winter)

6.2.2 Note on the QW absorption

Let us assume the transition between a pair of subband in a gutam well. The absorption
for normal incidence = =2 (considering only the heavy hole transitions rst):

2 hh |
- w'cjrg*,‘jzjhm;cjn;vijz (6.2.34)

~3 oNrefr

We should rst note that the overlap factor jhm;cjn;vij? 1 for a transition between two
ground states. Then, we shall use the relationship betweehe dipole matrix element and
the momentum matrix element

i~
Fev = mpcv (6.2.35)
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and we have, for a transition between hhl and E1:

‘”ZEP
4moEé

(6.2.36)

jrej® =
For the same transition, we may also express the joint dengibf state e ective mass as:
Moy = Mg+ My (6.2.37)

For the heavy hole state, we will use the in-plane mass of thig; 3i state that gives (see the
kp matrix Fig. 5.4) as

P E
myt + B " met+ myl—r (6.2.38)

2Ep Ep
m.t=myt+ + 6.2.39
¢ ® " 3meEc  3mo(Eg + ) ( )
that then yields for the reduced mass:
7E E 3E
1 -t fEP P P 6.2.40
Menn = Mo SE ™ 3me(Eg + ) 2MoEa (6.2.40)

Substituting both reduced mass and matrix element by the alve expressions in the absorp-
tion yields:
B 207 2 1

3 4~ gNerr C 3 Nyer fine

hh (6.2.41)
where fine 1=137 is the ne structure constant. For a refractive index of. = 3:6,
the absorption corresponds to , = 4:26 10 3. The e ect of the refractive index is only
there when measuring thick samples; for a very thin quantumeil suspended in vaccum the
absorption would simply be equal to 2 fj,e =3. It is interesting to note that not only this
results does not depend on the detail of the quantum well suds its thickness or barrier
height; it does not even depend on the value of the Kane energy .

In most samples, the transition between LH1 and E1 is very de to the HH1 E1 transition
and, because of excitonic e ects, it is not possible to nd alpteau of absorption between
these two values. For this transition, the light hole mass @uming thej%; %i basis state) :

2

mpt= melt —= myl+ myl - (6.2.42)
G

The reduced mass is, in turn:

5Ep Ep 5Ep
m.t=m,t Z—+
rlh © 6Eg 3mg(Eg + ) 6MoEg

(6.2.43)
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Similarely, the matrix elementr, is given by

~2E
. 2 P
= — 6.2.44
Ifed™ = TomeEZ ( )
Again, combining the two, we obtain:
o 2 1
= == 6.2.45
" 10~ oNrefr C 5nrefr fine ( )
The sum of the absorption caused by the Ih and the hh state is ¢m
16 1
h = 6.2.46
hhiin 15nrefr fine ( )

which is equal to 68 10 2 for a refractive index ofn,e;; = 3:6. The data in the litterature
yield value somewhat larger. As an example, the data from Stoet al for various well width
in InGaAs/AllnAs samples yield a value of (0.82-0.89%), andn analysis of the absorption
in InGaAs/InP quantum wells of Sugawara yields 0.85%. A enlmcement given by the
Sommerfeld factor, equal to 2 close to the bandgap, is pertsihe reason for the discrepancy.
If it is true, the value for very low mass materials such as In&should yield lower values.
Indeed, values for the GaAs-based quantum wells reported Masselink, with heavier masses
and where excitonic e ects ar more prevalents, are closer 1d6 absorption.

Additionally, measurement of such small absorption factoare always di cult experiments.
In particular, baseline issues become critical. The presanof standing wave brought about
by the re ection on the surface will equally skew the results
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Figure 6.10: Sommerfeld factor for the exciton: 3D versus 2€ase (Weisbuch and Winter).
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Figure 6.11: Absorption for quantum wells of various thickesses

6.2.3 E ect of strain

The use of strained layers has been a very important milesterin the development of quan-
tum well lasers.
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Figure 6.12: E ect of the material strain on the band structue. The strain anisotropy will
split the valence band degeneracy between the HH and LH statby a value S

In the early nineties, it was realized that even thought latice matching had to be preserved
at all costs for the growth of quantum well lasers when thickalers were involved, one could
grow very thin layers pseudo-morphically, i.e. in such a wathat the grown material adapts

its lattice to the one of the substrate. The result is a mateal in which very large amount of
strain can be incorporated, corresponding to a lattice misatch as high as 2%. The resulting
strain is very anisotropic, as the material is constrainednithe plane of the layer but can
adapt its lattice spacing along the growth axis. The e ect ofthis anisotropic strain is to

split the valence band maximum and split the heavy hole anddht hole bands by a value
S, as indicated on gure 6.12. As the HH states derived from mjg; gi are heavy along
the growth axis but light in the plane, the e ective density d state in the plane is strongly
reduced.
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Figure 6.13: Valence band dispersion and density of stater fa unstrained 8nm thick GaAs
quantum welll

Figure 6.14: Valence band dispersion and density of stater fa strained 8nm thick InGaAs
guantum welll with 20% Indium

The gures 6.13 and 6.14, showing the dispersion along witlhe e ective density of state,

show the signi cant reduction in the density of state of the alence band that can be obtained
by about 1% strain in the quantum well. As a result, the densjt of carrier needed to reach
transparency, and as a result the transparency current deibs are very strongly reduced, as
shown in Fig. 6.15, 6.16, 6.17.
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Figure 6.15: Computation of the gain for various carrier desities (indicated in units of
10%cm 3): bulk GaAs.

Figure 6.16: Computation of the gain for various carrier desities (indicated in units of
10%cm 3): unstrained GaAs QW.
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Figure 6.17: Computation of the gain for various carrier desities (indicated in units of
10'%cm 3): a strained 8nm thick InGaAs quantum welll with 20% Indium

6.3 Intersubband absorption

6.3.1 First approach: dipole in a one-band model

We use the same approach as above, using again the dipole ratdion Hamiltonian. We
now consider a transition between two conduction band stade

. . 1 -

jnk,i = 19f n(2)€57 7 ucr (6.3.47)
to a conduction band 1

jmkSi = P m(2)EX2 7 ugr (6.3.48)

where, againr = (r,;z) is the position andr, is the in-plane coordinate and A the sample's
area. The matrix element is then
z

MKSJE rjnkoi :K1 Fr . (@)e *Tu(NE 1 o (2)87 € Tug(r): (6.3.49)

space

As above, we procceed the same way as for the interband casd are:

. : P . : .
Break the integral into a sum of elementary cells ; ; . over which the integral is
carried over

Assume that the envelope functions are slowly varying and énefore can be pulled out
in front of the integrals.
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We then obtain:

0i i i = Ex : N & i(ko +q KO)ro
hmk3 JE rjnk,i = m(Z) n(z) e -
AL NuNy o
1 .
— Rriu (rYE rUg(r)dte+a ke (6.3.50)
Vcell cey .

i
+E 1% &P (rYug(r)elera ke

cell

In this case, it is the rst integral that vanishes and the seond part that remains:

X
tmkSJE rjnk,i = (ko +q k9J) +(2) n(z)aE r° (6.3.51)
iz
that can be converted into an integral that nally yields:
1

tmkSJE rink.i = (k» + q kJ)E dz . (2)z n(2) (6.3.52)

1

As in the interband case, the matrix element should be insextl in Fermi's golden rule;
Wy ¢ = ngjhm;cjzjn;vijz: (6.3.53)

As in the interband case, it should be summed in k-space fol available states that satisfy
the k-selection rule. Since the subbands are paralell in thione-band model, absorption
exists only when the pair of subband is separated by exactlyné¢ photon energy:

(~1)= Zqzjhm;cjzjn;vijz: (Em En ~1)(n, np) (6.3.54)

6.3.2 Absorption in a quantum well: a two-band model

The problem arising with the previous model is that it does rtaallow the introduction of non-
parabolicity. It is valid then only for con nement energiesmuch smaller than the bandgap
(En;Em << E g). One could be tempted to use the same approach when compuyjithe
absorption in the multiband case, taking as the matrix elenré the envelope function of the
electron. This approach was used in some of the works, but ¢eto di culties since, strickly
speaking, the envelope functions of the conduction bandseano longer orthogonal to each
other (h j ni & .m).A much better approach is to compute the matrix element dectly
in the multiband model. If one wants to treat conduction bandstate, an e ective two-band
model is perfectly valid. Let us then assume a two-componewnavefunction:

1= fPuc+ fluy (6.3.55)
2= fPuc+ flu, (6.3.56)
Let us then evaluate the matrix elementp,:

h 4jps 2i = b Oue+ F P uyjpif @ue+ £ P uyi
@it @i 4 Ot @i e @it @ i O i@ . (0:327)
= W7 ugp,jfc?uc + 7 ugp jf y7uyi + g7 uyjp,jf e ucl + 1~ uyjp,jf i uyi:



80 CHAPTER 6. QUANTUM WELLS AND NANOSTRUCTURES

Let us consider the rst term, it yields:

i D ugjpjf Puc = H Pjp,if @ihuguc + i Pjf Pihugjpjuc

o (6.3.58)
= i Pjp,if @i

Similarely, the second term will yield
H O ucjp,jf Pui = HOjf Pip, (6.3.59)

Using similar derivations for the third and fourth terms, the result can be summarized in a
matrix form:

—_ pZ pCV
= 6.3.60
P Pov Pz ( )

acting on the components f(¢; f,) of the wavefunction. Dropping the diagonal terms as
p; << p v, We nally obtain:

h 1jp. i = KD jf Pipy, + HDjf Pip,, (6.3.61)

Using the relationship betweeri . andf, given by the equation 6.1.18 and using the de nition
of the energy-dependent e ective mass 6.1.20, we nally odin:

@ M, Mo @p
@zm(E;z) m(E;2) @z ¢

hoaips 2l = H®j i~ (6.3.62)

In this picture, both intersubband and interband transitions are treated on the same footing.

6.3.3 Experimental results

As mentionned above, the dipole matrix element for intersldand transition is non-zero
only for the z-component of the electric eld. As a result, a amber of geometries have been
developed to measure the absorption, as shown in Fig. 6.18.

Figure 6.18: Experimental geometries allowing the measunents of intersubband transitions
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An exemple of absorption between two subband is shown in Fi§.19.

Figure 6.19: Intersubband absorption between two bound gtes

In contrast to interband transition, where the interband marix element r, is the dominant
term, the atomic-like nature of the joint density of state aswell as the tailorability of the
potential enables the fabrication of complex energy laddetructures.

Figure 6.20: Intersubband absorption in a multiquantum weldesigned for triply resonant
non-linear susceptibility
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When the excited state is in a continuum, the absorption is lmadened.

Figure 6.21: Intersubband absorption from a bound state to eontinuum

Such quantum well absorption is the basis for the so-calleduv@ntum Well Infrared Photo-
conductors (QWIP) devices.

It is even possible to create quasi-bound states in the comtium using Bragg re ection, as
shown in Fig. 6.22.
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Figure 6.22: Bound-to-quasibound transition. The con nerant of the upper state is created
by Bragg electronic Bragg re ection

6.3.4 Intersubband absorption: multiband problem

Intersubband transitions are also possible in the valenceabd. However, the situation is
much more complex because transitions with an interband ctecter (i.e. where the Bloch
part of the wavefunction is changed, such as a transition bgeen HH1 and LH1 states) will
coexist with transitions with a more intersubband characte(like a transition between HH1
and HH2). The matrix element is in general dependent on the diplane wavevector, further
complicating the analysis. However, a multibanck p analysis yields spectra that t very
well the epxerimental data.



84 CHAPTER 6. QUANTUM WELLS AND NANOSTRUCTURES

Figure 6.23: Intersubband absorption measurements for bolight polarization directions
TE and TM in a SiGe quantum well. Due to the presence of statesith di erent Bloch
wavefunctions, the absorption is allowed for both polarizeon directions. a) Experimental
result. b) Computed absorption using a 6 bandk p approach. c¢) Band structure of the
guantum well, indicated the location of the di erent con ned states as well as their main
character (HH, LH, SO)
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Electric and Magnetic Fields

7.1 Franz-Keldish e ect

The electric eld E is applied on a bulk semiconductor of gajs. If we want to consider
the most general situation the complete Schroedinger equ@t must be solved (not taking
into account excitonic contribution):

2

~

r2 eFz ,(r)=E, o(r) (7.1.1)

2m;

The solution of this equation can be expressed as a combirmatiof Airy functions. The
oscillatory character of the Airy functions introduces osttations in the absorption above
bandgap.

The low energy absorption edge is modi ed according to the lfowing formula:

8 2jpcvj2 E 4 2mr(EG ~! )

e = (1 B im Znc Ea i exp — (7.1.2)
- 0 .

Absorption now extends below g and the pro le is modi ed (see continuous line Fig.7.1)
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Figure 7.1: Absortpion edge calculated for bulk (continuailine) and quantum well for an
applied electric eld of 100 kV/cm

If excitonic e ects are introduced, the absorption pro le s modi ed according to the following
formula:

8 3=2
E

The main e ect on the excitonic resonance is the blurring offte excitonic absorption peak
as a function of the applied electric eld.

(7.1.3)

()= o (1 po)exp pein

7.2 Quantum con ned Stark e ect

The quantum con ned Stark e ect arises from the applicationof a DC electric eld on a
guantum well system. Two main con guration are analyzed: th electric eld is parallel to
the growth axis of the well or it is perpendicular to the growh axis.

7.2.1 Transverse QCSE

Interband case

When the applied electric eld is su ciently low, a perturbative approach can be followed.
Let us evaluate the e ect of an electric eldF on a quantum well of width L. We consider
the ground state in the conduction band and the rst heavy ha state in the valence band.
If we label the states ag i , | &i we can write the correction to the energy levels due to
the perturbation W = eFz At the rst order the energy correction to the levels will be
zero because the quantum well is symmetric and the centroidéthe wavefunctions will have
the same expectation value:
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Esan = N 3IWj §i h 3jWj i = eE(h Jjzj 1i h §jzj §i)=0 (7.2.4)
P o
We then consider the second order correctidg)' = 4, % only the nearest levels
will be included in the calculation and the energy correctio will then be:

_ ih sizi Si2  ih ¥z Yi?
Egtark - eze Ezg Elj(_-‘, + E2\2/ Elj\{

(7.2.5)

The application of an electric eld results in a redshift of he transition: the e ective bandgap
of the quantum well is reduced. If we employ the in nite well @proximation where the energy

2 2 . .
levels are expressed b, = nzﬁ and the matrix element iszy; = 1—96% we can express
this energy shift in terms of:

me;hh

eF2 16 °2
ESak = —33 9 :_))(me+ My, )L * (7.2.6)
where the strong dependence from the well width is explicit.
The excitonic resonance is not blurred but can be shifted fdrigh values of the applied

electric elds (see Fig. 7.3): this e ect is at the basis of th electroabsorption modulators.

Intersubband case

In the intersubband case, we will obviously have zero shiftt arst order because of the
symmetric pro le of the quantum well. At the second order thecalculation is analogous to
what seen in the previous paragraph, by taking into accountnty the ground state and the
rst excited state of the quantum well. The shift in the intersubband case reads (evaluated
for the conduction band):
ih Sizi Sii 2 210 E2
Esuakiss = 232E21E§7]El; = ¥i~2L4me
Note that in this case the shift is positive: the ground statef the QW is lowered and the rst
excited state is lifted up. The intersubband transition in asymmetric quantum well will blue
shift as a function of the applied electric eld F. The range bvalidity of the perturbative
treatment is given by Eqcse EJ E?! ~* . For a typical value of 100 kV/cm for the

2mea? ”

applied electric eld, we obtain EEOQCEE = 0:1 for a L=12 nm wide quantum well. First order
2 1

QCSE can be observed in asymmetric quantum wells or in couglguantum well systems,

like the quantum cascade laser

(7.2.7)

7.2.2 Longitudinal QCSE

In the longitudinal QCSE the main e ect is the blurring of the excitonic resonance as ob-
served in the bulk: this is expected since in the plane of theugntum well the carriers are
free to move as in the bulk.
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7.2.3 Quantum Well exciton resonance in an electric eld

Figure 7.2: GaAs/AlGaAs multiguantum well structure

Figure 7.3: Absorption for increasing electric eld (i) to {v), with the light polarization in
the plane of the layer (a) and perpendicular to the plane of & layers (b)
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7.2.4 Piezo-electric elds in Nitride Quantum wells

7.2.5 Application: EA modulator

Figure 7.4: High frequency modulation experiments with a 4Bb/s electromodulator. Left:
absorption versus applied voltage. Right: eye diagram fondreasing frequency

7.2.6 QCSE in Ge quantum wells

An interesting application of QCSE in a Ge/SiGe quantum wellstructure. Althought the
bandgap is indirect, the QCSE e ect is strong because of thegximity of the point of the
band structure.

Figure 7.5: SiGe sample description
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Figure 7.6: Band alignement of the various bands of the Ge/Se quantum wells structure

Figure 7.7: Results: absorption versus applied eld, for oreasing applied voltages



7.3. CYCLOTRON RESONANCES 91

7.3 Cyclotron resonances

7.3.1 Classical approach

Let us describe rst a purely classical model, where a carriavith charge q and e ective
mass m is subject to a damping term, an a.c. electric eld witlangular frequency! and a
static magnetic eld B along the z-direction:

dmv mv

e + — =qE+v B): (7.3.8)

The cyclotron frequency! . is de ned as (q has the sign of the particle charge)

B
|, = qﬁ (7.3.9)
The d.c. Drude conductivity is: ,
_Ng" m
0= (7.3.10)

A tensor of conductivity can be derived from the relationsii betweenj = nqv and the
electric eld (j = E):

XX — = 0 ! ml+ !
v m(m1+:!)2+!§
— — 1 - C
= = 5 . 7.3.11
Xy yx ML)+ 12 ( )
zz=— 0 1;-
moattl
Let us consider a now a light with circular (right) polarizaion; the electric eld E, = iE.
The conductivity . is:
_x _ Ey _ P [ R 0 mt
+_EX_ XX+ xyEX_ Om(m1+i! )2+!g_ m1+i(!+!c) (7312)
Similarely, the conductivity for the left polarized light writes:
1
9 m (7.3.13)

ST

We note that the conductivity . will have a resonance for = j! ;j while the same resonance
will happen for holes and . The sharpness of the resonance will depend on the product

' m.

7.3.2 Quantum model

For the quantum model, one starts with the usual Hamiltoniarwith the substitution for the
momentum:

p! (P OA) (7.3.14)
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The magnetic eld is along the z direction, with a componentn the y direction. We choose
the gauge such that the potential vector is written as:

A =(Bzsin ;Bx cos; 0) (7.3.15)
The total Hamiltonian for a quantum well is then

2 1 . @ . @
H:;_r;+vconf(z)+% |~@X+qB?zz+ |~@y+qBjjx2+g g B (7.3.16)

where the component of the eld parallel to the growth axis
Bj = B cos (7.3.17)

and the component in the plane
B, = Bsin (7.3.18)

have been used. The spin operator has the eigenvalue%aand the coupling with the magnetic
eld is given by the Lance factor g . In general, the Hamiltonian 7.3.16 is not solvable
exactly, and in particular is not separable as the in-planeotnponent of the eld is mixed
with the con nement. In the case that the in-plane componentan be neglected, the resulting
Hamiltonian is: h :

2 [

Px

1
H, = %+ om ~ky + gB;x ? n(X) = En n(X) (7.3.19)

which, as is apparent, can be mapped onto a Harmonic oscilbet The solutions are the
celebrated Landau levels with energy:

En=~jlg n+ % (7.3.20)

7.3.3 Determination of the e ective mass
7.3.4 Application: InSb THz detector
7.3.5 Application: p-Ge laser

A p-Ge laser is a unipolar laser based on the motion of eleatr® in crossed electric and
magnetic elds

7.4 Interband recombinaison in Magnetic Fields

In the rst order, the bands are shifted by the zero point enagy of the Landau levels. The
situation is much more interesting in con ned structures, specially quantum dots where the
shift of the levels with magnetic eld can be used to probe theigenstates
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Second-order processes and
guasi-particles

8.1 Interband absorption in indirect materials

In Si, Ge, AlAs, GaP, the minimum of the conduction band doesat occur at the point,
while the maximum of the valence band does occur at this logah. As a result, interband
transitions at the bandgap involve always a momentum transf. This one can be provided
by any elastic or quasi-elastic process in principle. In pcéice, however, the most e cient
process is the emission and absorption of zone-edge optmahcoustical phonons.

b.c.
b.C. \“/ A
P
honon
o photon| P
N S
0 ? | k
Semiconducteur direct Semiconducteur indirect

Figure 8.1: Schematic band structure diagram of a direct aniedirect semiconductor

The rate at which such process occur can be computed using am&l-order, time-dependent
perturbation theory well described by Feynman diagrams. Térate of such process can be
written as:

2 X jX HF jH eojiihijH ¢pj O

Ring = — E i? (Ec(ki) Eu(k) ~  Ep): (8.1.1)

ke Ky i

In the above equation,H, is the coupling between the electron and the incident optita
radiation; H¢p the coupling between the electron and the phonon populatiorThe sum runs

93
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over all possible intermediate stategii. The latter is either in the conduction band (if the
virtual absorption occurs before the emission/absorptionf phonon) or in the valence band
(in the opposite case). The energy

E«k) Euk) ~ E (8.1.2)

and total momentum

ke + 9= ke (8.1.3)

is conserved in the process being the momentum of the phonon. In the latter equation
1. The function insures that at the end of the process, the energy t®nserved.

2. Two classes of process exist: one in which a phonon is absal; one in which one is
emitted. Obviously only the latter subsists at T = 0.

3. As the conduction band minimum is at the edge of the Brillon zone, the momentum
of the phononq is much larger than the thermal wavevector of either initialor nal
state. As a result, the process does not conserve the wavdweof the electron or hole.

4. Therefore, we have to run the integral on both irIH'tial an ral states with each a
Bensity of state with an energy dependende, (E) = E, and a nal state D¢(E) =
E. Eig. We expect then a energy dependence & ( Eiy Ep)?.

Taking also into account the dependence of the matrix elemsnin the phonon numbers:

K. . .
(! ) = 8—'J F:'va]zjHac]zl\lcl\lvnphx2 (X) + ( nph + 1) y2 (Y) (8-1-4)

where the phonon occupation number is

1
nph = ~! on (815)
exp(+) 1

As a result the absorption edge is quadratic energy dependen and is strongly temperature
dependence.
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Figure 8.2: Plot of the square root of the absorption coe ciat of Silicon as a function of
photon energy for various temperatures, as indicated

The log plot of the absorption of the Germanium shows both th&undamental indirect gap
at an energy of 0.65-0.75eV and the fundamental one at 0.85eV

Figure 8.3: Log plot of the absorption of Germanium showingdth the indirect fundamental
gap and the higher energy direct gap
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Interestingly, the very low absorption (and emissivity) ofthe indirect materials do not forbid
a priori the fabrication of relatively e cient emitters. Of course, those can be realized only if
the minority carrier lifetime can be brought by the reductio of other scattering mechanisms
(impurities, deep trap, surface states) to a level compar#bto the radiative lifetime, equal
to about 14ms for Silicon at room temperature. Recent resgltalong this line have shown
e ciencies of more than 1%. However, a laser is believed to lmapossible as the cross section
for absorption is larger than the one for emission.

8.2 Free-carrier absorption

Free carriers are responsible for non-resonant light abgtion. These phenomena are impor-
tant parasitic mechanism in optoelectronic devices.

8.2.1 Classical model

We had derived in the third chapter the classical response ah electron gas. Assuming this
classical model with no restoring force

121
1) = _F
(*) ST (8.2.6)
The imaginary part of the susceptibility is then:
12 2
It can be related to the absorption coe cient (! ):
41 2
()= —F2 (8.2.8)

cn(!2+4 2)
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Figure 8.4: Room temperature free carrier absorption in gbn, for various carrier densities.
#1: 1:4 10%cm 3 #28:0 10%m 3. #31:7 107cm 2 #4 3:2 10 cm 2 #56:1
10"¥cm 3 #6 1:0 10cm 3

This relationship predicts a! 2 or 2 dependence of the free carrier absorption; the latter is
approximately observed in experiments, as shown for the erale of Silicon (if one neglects
an impurity band presentinthe =2 5m )in Fig. 8.4. In other materials, a dependence
in Pwith 2 <p < 3is observed and is attributed to the variation of the dampig term with
frequency. Note that the speci c choice made of the dampingetm in equ. 3.1.1 implies that
the Drude scattering time is now , = zi
As for the case of the interband absorption in indirect mateéals, the absorption can be
computed more rigorously using second-order perturbatiaheory.

Sl )= —jx H jH opjninnjH ppjii N H jH pnjnihnjH
- Ei En Ei En

n

where the sum should be in principle carried over all process impurity, optical and acous-
tical phonons.

ool .
52 (B (8.2.9)

8.3 Excitons

When a electron-hole pair is created by absorption of a phatdnside a semiconductor, the
pair experiences an attractive Coulomb force. The latter isesponsible for the creation of
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a bound state called an exciton. The exciton can be looselysdeibed by a Hydrogen-like
system where electrons and holes orbit around their centef-mass. One distinguish in the
literature two type of excitons, depending essentially orhe ratio of the exciton radius to the
lattice spacing. When the attraction is so strong that the rdius of the exciton is of the same
order as the lattice spacing, one refers to a Frenckel exaitoBecause of the small e ective
mass and the dielectric constant of the semiconductors, thexciton in a semiconductor is
rather of the Wannier type, where the exciton radius is of manlattice periods.

8.3.1 Elementary treatement

Applying an e ective mass description of the electron and He, one easily maps the system
onto a Hydrogenoid particule with reduced mass * = (m,) *+ (m,) % The energy
spectrum is the one of the Hydrogen atom:

E,= % (8.3.10)

where the renormalized Rydberg energRR is given by

l\.)|OI\.)

R = R (8.3.11)

Mo
were is the semiconductor dielectric constant. As the energli, is negative, the exciton
features will appear as discrete eatures inside the matdisabandgap.Both e ective mass
and dielectric constant are strongly dependent on the matil's e ective mass. As a result,
and as shown in Fig. 8.5, the binding energy of the exciton grs strongly with the material
bandgap. In large bandgap materials such as GaN, excitonieatures are observed up to
room temperature, whereas in narrow gap materials such asAs they are di cult to observe
even at cryogenic temperature.

Figure 8.5:



8.3. EXCITONS 99

8.3.2 Excitons in con ned structures

Because they are states that cover a large number of latticpagcing, the excitons are well
described by an envelope function formalism, where the twagicule wavefunction is written
as: X

(rern) = C(kerkn) ke(re) Ky (rn) (8.3.12)

Ke;kn

However, because the exciton is a localized state, it is marenveniently written in terms of
a Wannier functionsa, (r; R;) of site R; rather than in terms of the Bloch functions. Wannier
functions and Bloch functions are de ned by the set of reciprcal relations:

X

8 (1R = plﬁ exp( kRy) w(r) (8.3.13)
k
X

() = plﬁ exp(kR )an (r; R)): (8.3.14)

Rj
The exciton wavefunction then writes:

(refn)= plﬁ ( Re;Rn)a(re; Re)a(rn; Rn) (8.3.15)

Re;Rp
The exciton wavefunction is solution of the equation
h 2 2 i
2

el 2 fracq®4 jre rpj (reitn)= E (rern): (8.3.16)

This is a hydrogen-like Hamiltonian that can be solved usintihe center-of-mass coordonates:

Mele + Mply

R= =% 1 (8.3.17)
Me + My,
and a relative coordinate
Fr=re rIp (8.3.18)
The two resulting equations are
2
o 2(R)= Er( R) (8.3.19)
~* o
5T 2(r) T (r)= E; (r) (8.3.20)

where the reduced mass and the total massM = m¢ + m;, have been used. The solutions
of the center of mass equation are readily obtained:

k(r) = plﬁexp( KR) (8.3.21)

"'2K 2
Er =
R M

(8.3.22)
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The solution for the relative motion follows the usual Hydrgen solution, where the wave-
function is written as a product of a radial function and the pherical harmonics:

ntm (1) = R (N Yim (5 ) (8.3.23)

whereR,, are teh Laguerre polynomials and., (; ) the spherical harmonics. The energy
spectrum is then given by the same expression as shown above:

R

E ()= E(1) — (8.3.24)

where the renormalized Rydberg energy is given by:

_ q°
R _2~22

(8.3.25)

which the result already obtained in the preceding paragrédmp

8.3.3 Quantum well

A interesting case is the one of the exciton con ned in dimeim in a quantum well. The
envelope function for the exciton (r) follows now the Schr edinger equation:

~r 7 _ ~K? 9 W
2m; (r)+ Vest (r) (r)=(E o Y Eg) () (8.3.26)

where the e ective interaction potential now writes

Z
_ qzjni(zl)jzj ¥(22)j? oF
Vet (1) = d21d224 P (z. 22 4r

(8.3.27)

in the limit of the perfect two-dimensional case, valid whethe exciton radius is much larger
than the quantum well width. The equation is the one of a two-nentional Hyrdrogen atom.
The energies of the latter are de ned by:

R

En= ——:
" (n 1=2)2

(8.3.28)
As a result, the excitonic con nement of the ground state is multiplied by a factor of 4
compared to the bulk case. As a result, excitonic featureseanow observable in quantum
wells at room temperature.



Chapter 9

Quantum dots

9.1 Basic ideas

We have seen that the gain in semiconductor laser is propastial to the product of the
density of state and the Fermi distribution di erence:

9(E) = CO;(~1)(fe(~1)  fu(~1)) (9.1.1)

whereC is a prefactor that contains the matrix element and fundameal constants. Chang-
ing the dimensionality of the active region, i.e.going frona bulk material to a quantum well
and nally a quantum wire and dot, because of the change in thdensity of state, has a
strong in uence on the maximum gain. Proposed already by Akawa and Sakaki in their
celebrated paper in 1982, they showed that in general the rgxtion of dimensionality had
a very strong in uence on lowering the threshold current desity and decreasing the tem-
perature coe cient of the gain. As shown schematically in Fg. 9.1, the density of state is
narrowed by the reduction of the dimensionality.

Figure 9.1: Comparison of the density of state for bulk, quanm wells, quantum wires and
guantum dots.(Asada, IEEE JQE 1986)
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As shown in Fig. 9.2 the gain should be greatly improved for agn carrier density when
decreasing the dimensionality of the active region.

Figure 9.2: Comparison of the computed gain for bulk, quantan well, quantum wire and
guantum dot material.(Asada, IEEE JQE 1986)

The temperature dependence of the threshold should be grigaimproved, with a gain inde-
pendent of the temperature in the limit of the quantum dots, a shown in Fig. 9.3
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Figure 9.3: Comparison of the temperature dependence of tthgeshold current for bulk (a),
guantum well (b), quantum wire (c) and quantum dot material d).(Arakawa and Sakaki,

APL 1982)

9.2 Fabrication issues

The problem of fabricating quantum dots with good size unifmonity, crystalline quality and
purity is a very di cult technical challenge. A large number of techniques have been used.
At this point, the most successful is the self-assembly of thoby Stransky-Krastanow mode
of 3D growth. This technique enables the fabrication of a ralively large density of dots
with excellent purity and crystallographic quality and with reasonable size uniformity.

Figure 9.4: Atomic force microscopy image and transmissiglectron microscopy image of
self-assembled quantum dots (data courtesy of Andrea Figre
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9.3 Quantum dot luminescence

The luminescence of self-assembled quantum dots is showrrig. 9.5 as a function of pump
intensity.

Figure 9.5: Luminescence of self-assembled quantum dotsaainction of (data courtesy of
Andrea Fiore)

The data show clearly the apparition of successive excitedates as the pump intensity
is increased. Those can be computed by an envelope functioomputation, taking into
account strain and the three dimensional con nement. The lmadening of the curve is
almost completely caused by the size variation of the dots. hE system is thus completely
inhomogenously broadened.

9.4 Quantum dot lasers

The light versus current characteristics of a laser based @n active region with quantum
dots is shown in Fig. 9.6. As compared to a quantum well mateali the quantum dot has a
very di ent behavior. The three essential physical di ererces are:

1. The active region is inhomogenously broadened

2. The capture time in the dot and interlevel scattering in eeh dot is signi cantly longer
(about x10) than in quantum well structures

3. The total density of state per dot layer is much smaller thathe one of a single quantum
well

As a result, the devices exhibit in general a much lower gaift can also show very low
transparency current for the same reason). They also exhilspectral hole burning features.
Finally, the longer capture time and interlevel scatteringtime is detrimental to the slope
e ciency and maximum modulation frequency.
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Figure 9.6: Optical power versus injected current charaatistics of a quantum dot laser.
(data courtesy of Andrea Fiore)

However, for the same reasons, these active region may haegyvinteresting applications
for optical ampli ers and superluminescent diodes. They eaalso exhibit very low values of
the linewidth enhancement factor.



